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ABSTRACT

An interest in wearable sensors for activity tracking and health monitoring, coupled
with the desire for energy-independent devices for increased convenience and an improved
user experience, have resulted in significant research and commercial interest in wrist-worn
energy harvesting. Energy harvesting — an alternative to finite, traditional energy storage
technologies, such as batteries — has the potential to provide power to wearable devices for
a functionally unlimited amount of time by extracting ambient, freely-available energy
from the environment, obviating the need for user intervention in replenishing a finite
energy supply. Vibration energy harvesting, which concerns the harvest of kinetic energy,
is of particular interest for wearable applications. However, the low-frequency, high-
amplitude excitations that typify wrist motion during common daily activities make
vibration energy harvesting using traditional linear vibration energy harvesting
architectures challenging. Alternatives to linear vibration energy harvesting architectures
have been proposed for wrist-worn energy harvesting, with eccentric rotor harvesters —
asymmetric, rotational devices — representing a common choice in the literature (possibly
due to the watch-like form factor and extant commercial products) that exhibit some
interesting properties.

This project concerns the design, analysis, and optimization of architectures for
wrist-worn energy harvesting, with particular emphasis placed on eccentric rotor

harvesting architectures. The problem of determining which architecture is best suited for



wrist-worn energy harvesting is first approached by deriving mathematical models of
several common architectures and developing a means by which the disparate architectures
may be compared fairly. Eccentric rotor harvesters — especially those that include a
torsional spring — fare particularly well, and become the focus of the remainder of the work.
Several generations of eccentric rotor prototypes are designed, fabricated, and
characterized in order to validate the mathematical models and demonstrate the
improvement of power output that comes with the addition of a torsional spring to the
eccentric rotor architecture. Finally, a dynamical analysis gives insight into how the design
parameters affect power output and provides an explanation for some of the nonlinear
behavior observed in these devices. This knowledge is used to develop a new kind of
eccentric rotor harvester that may have significant advantages over designs hitherto

presented in the energy harvesting literature.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The desire for vast networks of embedded, wirelessly connected sensors in
applications ranging from remote health monitoring to infrastructure management, coupled
with a decrease in the power demands of sensing and communications technology, have
driven an interest in the development of novel mechanisms for delivering power to low-
power electronics. Traditional energy storage technologies, such as batteries, degrade with
time and require regular replacement that is often either highly undesirable, entirely
infeasible, or impossible to perform. Additionally, finite energy storage mechanisms such
as batteries and capacitors suffer from low energy densities when long device lifetimes are
considered [1], [2]. The emergence of low-power integrated circuits and wireless
communication technologies has made possible systems capable of powering themselves
using ambient energy sources. Of course, this trend has been ongoing for some time; the
solar-powered pocket calculator — the first application of photovoltaics in a consumer
product context — was introduced in 1978, with other low-power products of daily use
following suit thereafter [3]. Powering electronics using ambient energy reaches even
farther back in history, however, with crystal radio receivers — radios that powered high-

impedance earphones using only the strong, relatively local radio frequency signals



themselves — claiming roots in technology developed in the late nineteenth century [4, pp.
5-10]. Devices that are free from the constraints of traditional energy storage elements, or
devices that augment the performance of such storage elements, have thus been of interest
for at least a century.

Lacking a finite reservoir of energy that is maintained during its lifetime via regular
replacement or resupply by means of intervention, an electronic device can only fuel its
power consumption by virtue of some alternative external supply of energy. Two particular
approaches to eliminating or augmenting a finite energy reservoir for electronic systems
have become especially prominent in the research literature: Wireless Power Transfer
(WPT) and energy harvesting.

WPT systems address the situation in which the device to be powered (the receiver)
has access to a power transmission technology (the transmitter) that has been purposefully
designed to direct power to the device. Electromagnetic WPT systems transfer power on
the basis of the propagation of electromagnetic waves, and may be broadly classified as
radiative and nonradiative [4]. The phenomena of magnetic resonance and near-field
inductive coupling are often exploited, and capacitive coupling is also possible. Many WPT
systems have been proposed to power devices ranging from minuscule sensing systems to
electric vehicles, and some WPT technologies have been in development for over a century
[5], [6]. In situations where the medium for transmission is not particularly conducive to
electromagnetic power transmission or where shorter wavelengths are desired (as is often
the case with bioimplantable devices), even acoustic waves may be used to wirelessly
transmit power [7].

The second approach to address the issues with traditional energy storage



technologies differs from the WPT solution in the most general sense by whether a
transmitter has been intentionally designed to transmit the power to be consumed or
whether power is delivered by collecting freely-available, ambient energy from the
environment in which the device operates; the latter case is known as energy harvesting or,
alternatively, energy scavenging. A loop of copper coil designed to absorb the power
delivered by a second, external transmission coil would perhaps best be classified as a
receiver in a WPT system, for example, whereas a similar device designed to absorb
ambient electromagnetic energy in an environment with elevated levels of electromagnetic
radiation (as in the case of a crystal radio receiver) may be more accurately classified as an
energy harvester. In situations where energy independence is required and the environment
contains a source of useful energy that can be scavenged, energy harvesting may be a viable
candidate for the delivery of power to electronic systems.

It is important to note that, its broadest interpretation, energy harvesting would
encompass many of the power generation technologies used in the provision of electricity
on massive scales, and could be said to have been exploited for millennia; windmills have
existed for at least a thousand years, after all, and sails have been propelling ships since
antiquity [8, pp. 1-11]. For the purposes of this manuscript, it is therefore prudent to restrict
the discussion of energy harvesting to that which concerns the delivery of power to small-
scale, low-power electronic systems by scavenging freely-available energy.

The human body, by dint of the metabolic processes that sustain all life, represents
a repository of energy with harvesting potential in many forms, such as thermal and kinetic;
even solar energy is available when the body is in the presence of both natural and artificial

light. Additionally, consumers exhibit a proclivity for donning technology; in a 2018



forecast, the industry analyst firm CCS Insight predicted that the smart wearables market
is slated to become worth over US $25 billion by 2019 [9]. Additionally, motivated in part
by an effort to ameliorate the rising costs of healthcare, a research interest in wearable
biosensors and proactive health monitoring technology has materialized [10] and — in
recognition of the drawbacks of battery-powered wearables — has led some researchers to
produce health monitoring devices that are free from batteries [11], [12]. The conventional
wisdom regarding the inconvenience of battery maintenance in consumer electronics [13],
coupled with the availability of energy from the human body, gives rise to a potential

market opportunity if a suitable body-worn energy harvesting technology can be developed.

1.2 Energy Harvesting Overview

Various forms of energy may be accumulated from the environment, including
energy from solar radiation, thermal gradients, radiative radio frequency electromagnetic
waves, wind, and motion [14], [15].

Harvesting solar energy typically involves solar cells, which harvest energy by
virtue of the photovoltaic effect — the direct conversion of incident light into electricity
[16]. Although solar cells require no moving parts and are highly modular, they require
additional signal processing technology, a relatively large surface area, and their
functionality is contingent upon the availability of light in the application of interest [14].

Thermal gradients may be used to generate electricity by making use of the Seebeck
effect, with a typical semiconductor thermoelectric generator consisting of n- and p-type
semiconductor legs connected in series by metal strips and thermally in parallel [17].

Thermoelectric generators are a solid-state technology that is highly reliable and generates



little noise and emissions [17], although limitations with materials appear to have limited
the conversion efficiency of such generators, and sufficiently large thermal gradients often
do not exist in many applications where small device volumes are required [18].

Far-field radio frequency harvesting techniques for powering wireless networks
have received considerable attention in the literature, although, due to the inverse-square
law dictating that the power density of radio frequency waves decreases proportionally to
the inverse of the square of the propagation distance, achieving high power transfer rates
is difficult in general; direction and gain of the receive antennas, impedance mismatching
issues, and some line-of-sight requirements also negatively impact the efficacy of far-field
radio frequency harvesting techniques [19].

Small scale windmills have been proposed and fabricated for use in powering
autonomous sensor networks using piezoelectric transducers, which are considered an
alternative to the more commonly used electromagnetic transducers that can improve safety
and better enable the harvesting of energy at lower wind speeds [20]-[22]. As the purpose
of a windmill is to extract kinetic energy from the motion of the surrounding air, such
devices can be considered a subset of energy harvesters that derive their energy from
ambient motion.

If vibration of sufficient amplitude is present in the application of interest, then it
is natural to seek freely available kinetic energy as a means by which one may power
electronic devices; this specific class of energy harvesting is known as vibration or kinetic
energy harvesting. Vibration energy harvesting has received much attention in the
literature not only because mechanical vibrations are present in a vast number of

applications, but also because vibration energy harvesting techniques can provide stable



power for longer periods of time when compared to typical energy storage technologies;
additionally, vibration energy harvesters can exhibit energy densities greater than both
batteries and many other energy harvesting techniques, depending on the application [2].
As many vibration energy harvesters are mechanical resonators, devices have moving parts,
are often displacement-limited, and typically exhibit a sharp resonance peak in which a
small mismatch in input frequency and the resonator natural frequency can result in a

severe reduction in power output.

1.2.1 Energy Harvesting from Human Motion

In a seminal paper on energy harvesting for wearable computing [23], a basic
analysis on the caloric intake and expenditure of human beings is performed with the
intention of assessing the feasibility of powering computing systems using the energy from
the human body. Various sources of energy, including body heat, respiration, blood
pressure, air resistance, upper limb motion, and walking are assessed. The study concludes
that harvesting the energy from motion — especially from walking — holds the most promise
in terms of available power for harvest with the fewest disadvantages to the user. The
calculations from the study suggest power on the order of tens of Watts may be available
from human motion, although limitations in the recovery of this power, as well as practical
considerations concerning an unencumbered user experience, would likely yield a more
realistic estimate on the order of a few Watts. The power available from walking —
specifically, from the fall of the heel during the heel strike phase of walking — is promising
and appears to exceed that which is available from upper body motion. However, devices

placed in a shoe capable of harvesting energy from the heel during walking have the



disadvantage of inconvenience of location for both user-device interaction as well as
acquisition of physiological measurements of interest; it’s worth noting that practically all
activity tracking devices are placed on or near the upper body during use [24], [25].

A distinction is often made in the energy harvesting literature — especially in
wearable energy harvesting — between inertial and direct-force harvesting devices. Inertial
harvesting devices rely on the motion of an inertial (or seismic) mass that is excited by
virtue of the motion of the housing (or frame) in which the mass is placed. The relative
motion that subsequently develops between the housing and the inertial mass is used to
produce a force (or torque) on a suitable transducer for the conversion of kinetic energy
into electrical energy. Direct-force (or non-inertial) harvesting devices instead use force
applied directly between two ends of a transducer to produce power; the aforementioned
shoe harvester is thus an example of a direct-force harvesting device. For devices to be
worn externally, possibly around a muscle that expands significantly during use, direct-
force harvesting devices on the upper body are likely to be very large and obtrusive to the
user [26]. The use of solar cells to power wearable devices is also briefly assessed in [26],
as well as the use of thermoelectric generators, and the author concludes that energy
harvesting from motion is likely the best solution for powering wearable devices, provided
that kinetic energy harvesting devices continue to approach theoretical power limits with
continued research.

With this elementary discussion of energy harvesting opportunities on the human
body in mind, it is reasonable to conclude that inertial, kinetic energy harvesting devices
located on the upper body represent a promising pathway for powering wearable

electronics. Additionally, due to the prevalence of wristwatches as functional apparel, and



the recent proliferation of wrist-worn activity tracking devices, targeting a wrist-worn
application is particularly attractive for the development of an upper-body energy harvester

to be used in powering smart wearable technology.

1.2.2 Transducer Technologies

An aside on transducer technologies commonly employed in vibration energy
harvesters is appropriate before a more detailed discussion on theory begins. Three
transducer technologies dominate the energy harvesting literature: electromagnetic,
piezoelectric, and electrostatic.

Electromagnetic transducers operate on the basis of Faraday’s law of induction; a
time-rate-of-change of flux linkage through a conducting coil loop induces a voltage that
may be used to drive electric circuits. As the basis for electromotors and large-scale power
generation, electromagnetic transducers are ubiquitous. Although there are numerous
configurations, practically all electromagnetic transducers are realized using arrays of
permanent magnets that generate a static magnetic field that permeates loops of copper
conducting wire. Relative motion between the magnets and coils creates a time-varying
flux linkage through the coils, which in turn induces a voltage on the coils; if the coils form
part of a closed electric circuit, the resultant flow of current dissipates energy, effectively
extracting power from the mechanical domain for use in the electrical domain.

Piezoelectric transducers operate on the basis of the piezoelectric effect, in which
piezoelectric materials form an electric field in response to an applied mechanical stress.
The converse effect is often used in actuators, like those used in the production of ultrasonic

acoustic waves. Mechanical strain develops in the piezoelectric material due to the applied



stress, and can be induced in a number of ways; patches of piezoelectric material can be
applied to mechanical components that exhibit strain during oscillations, for example, or
structures comprised of layers of piezoelectric material may constitute the bulk of a
mechanical oscillator itself. The charge accumulated on a piezoelectric material under
strain is used to drive the flow of current, which may then be used to power electrical
circuits.

Finally, electrostatic transducers make use of the property of capacitance in their
function. Capacitance is a ratio of the change in charge to a resulting change in electric
potential. The capacitance in a system can be varied by changing the gap or overlap
between the conductors in a capacitor, or by modifying the properties of the dielectric that
separates the conductors. Electrets may also be used in electrostatic transducers,
eliminating the need to charge the capacitor that forms the transducer before use. Constant
charge and constant voltage approaches to the design of electrostatic transducers are
common. Regardless of the approach taken, relative motion of the conductors which form
the capacitor causes a change in voltage that is proportional to the relative displacement of
the conductors. The changing voltage can then be used to drive an electric circuit, again

converting mechanical energy into electrical energy for use in powering electronic devices.

1.2.3 Some Inertial Vibration Energy Harvesting Fundamentals
An inertial vibration energy harvester is comprised, at a minimum, of two primary
components: a mechanical structure and a transducer. The former is the portion of the
harvester responsible for the absorption of kinetic energy from the environment, and the

latter is required to convert kinetic energy into electrical energy. These components are not
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truly disjoint, however, as the mechanical structure and transducer together form a
dynamical system that is designed to be sensitive to incoming excitations to produce
relative displacement between the harvester housing and inertial mass that may then drive
the production of electricity through the transducer. It is typical for the phenomenon of
resonance to be exploited in order to maximize absorbed kinetic energy from the input
source. Of particular importance in the development of resonant vibration energy harvester
theory is the linear mass-spring-damper as a mathematical harvester model, first proposed
in its simplest form in [27], [28], and studied extensively in [29], which serves as both a
simplified model for the purpose of theoretical development as well as a reasonable
approximation of many real vibration energy harvesters developed in practice (Figure 1-1).

The generic energy harvester model in Figure 1-1 consists of a frame with
displacement y(t) and a harvester inertial mass m with absolute (measured from an
inertial reference frame) displacement x(t), relative (to the harvester frame) displacement

z(t), and displacement limit Z;, attached to the frame through a suspension composed of

y(1)

Figure 1-1 — Schematic of a generic, inertial, linear vibration-driven energy harvester.
Reproduced, with permission, from [29]. © 2004 IEEE.
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a spring element of stiffness k and unspecified damping element with a damping force f.
The damping element may or may not contain a model for parasitic losses from, for
example, friction. In the seminal work in [29], harmonic excitation of the form y(t) =
Y, cos wt is considered, with Y, representing the displacement amplitude, w the frequency
of excitation, and t time. An attempt to derive the maximum possible power output for a
harmonically-driven, linear vibration energy harvester can be found by considering the
maximum available acceleration magnitude from the input, Y,w?, assumed to be delivered
to the harvester at all times, with a maximum possible damping force that still permits
motion, Yow?m, acting on the mass, maximum displacement of mass Z;, and energy

extraction in both directions of motion; the result is
2
Bnax = ; YOle3m (1'1)

which, on the basis of fundamental considerations, provides an upper bound on the power
output of any one-dimensional translational inertial harvester, driven by a continuous
excitation, with any transduction mechanism [1]. Of course, (1-1) represents a fundamental
limit on power output, and is consequently unrealistically achievable for any real harvester.
In order to develop better bounds on performance, some additional harvester structure
should be considered.

Noted in [29], as in earlier works [30]-[32], power output generally appears to be
proportional to YZw3m, which makes for a useful normalization term. Normalized power
is used throughout [29]. An expression for normalized or dimensionless power output is
derived in Chapter 4, yielding a similar normalization term.

In [29], three harvester topologies are delineated and analyzed: the Velocity-
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Damped Resonant Generator (VDRG), the Coulomb-Damped Resonant Generator
(CDRG), and the Coulomb-Force Parametric Generator (CFPG). All three can be
implemented in real devices, using electromagnetics (VDRG) or electrostatics (CDRG and
CFPG). As the VDRG model provides a suitable model for the prototypes constructed and
analyzed in this project, the behavior of this type of model is of particular interest.

For a VDRG harvester, the transducer damping force f is linearly proportional to
the relative velocity z; that is, the transducer is modeled as a linear viscous damping
element. If it is assumed that parasitic losses are negligible, then the maximum power

output for a displacement-constrained VDRG harvester at resonance is

1, 3 2
PVDRGZEYO(U m7 (1-2)
0

where it is assumed that the damping is selected such that the mass is fully displaced up to
the displacement limit, Z;. Note the similarity of (1-2) to (1-1); thus the VDRG model
inherits all of the limitations of (1-1), but with a lower fundamental limit on power output.
Given the strong dependence of power output on input frequency seen in (1-2), it is
immediately clear why the low-frequency excitation typical of human motion imposes
serious limitations on power output that may not be seen with high-frequency machine
vibration input. Furthermore, vibrations from human motion are not consistent, as they
might be for machine motion, and achieving a state of resonance is often difficult in
practice. Also, due to the low-frequency and high-amplitude vibrations that typify human
motion [33], displacements required for a linear resonant device are very large, which often
makes implementations of VDRG harvesters on the human body impractical [1].

A number of harvester architectures have been proposed for harvesting energy from
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human motion on the upper body that attempt to address some of the unique issues present
in such an application. Perhaps most important for this project is the eccentric rotor
architecture. This architecture is comprised of an asymmetric rotating inertial mass that, as
a result of the fact that the rotating center and the center of gravity are not coincident, is
excited by both rotational and linear acceleration inputs. Eccentric rotors purposed as
inertial masses to harvest kinetic energy from the upper body have a surprisingly long
history, as such rotors are found in self-winding watches that were invented perhaps by
Abraham-Louis Perrelet, or possibly Hubert Sarton — the history is quite contentious — as
early as 1770 [34]. In addition to sensitivity to many kinds of vibratory input, eccentric
rotor harvester structures have the additional advantages of a watch-like form factor and
no intrinsic displacement limits. What now follows are examples of this architecture in
commercial products and in prototype devices in the literature, as well as examples of
several other kinds of architectures that have been demonstrated in wrist-worn energy

harvesting applications.

1.3 Literature Review
Table 1-1 provides a list of selected publications with associated claims on power
generation. Although eccentric rotor-based mechanical architectures for absorbing kinetic
energy from human motion are common in the literature (possibly due to the watch-like
form factor and extant commercial products), many other mechanical architectures have
also been proposed [35]-[50]. Some structures include: 1 Degree of Freedom (DOF)
translational inertial masses, 6 DOF inertial masses free to move in an enclosed volume,

nonholonomic systems, and mechanical systems that intentionally incorporate
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Table 1-1 — Published body-worn energy harvester prototypes

Year AU Mech_anlcal DIIEEINS Transducer Power Output Claim
Reference Architecture [mm]
Kinetron bv, 1 DOF Eccentric .
1984 [50] Inertia (Rotation) 2 34x9 Electromagnetic | 600 mJ per day
Seiko Watch 1 DOF Eccentric . 250 swings provide 1 day of
1991 Corp,, [37] Inertia (Rotation) 2 36x9 Electromagnetic operation
Renaud et al., | 1 DOF Proof Mass - - 47 uW under 2 Hz device
2009 [42] (Translation) 35%x20x20 Piezoelectric rotation
Romero et al., | 1 DOF Eccentric 2cm?® . <10 uW for 4 mph walking
2011 [36] Inertia (Rotation) Volume Electromagnetic (worn at elbow)
Rao et al 6 DOF Proof Mass
2014 [51] N (Rotation & 2 37x35 Electromagnetic | 100 uW from jogging
Translation)
- - 0.5 uW to 7 uW during a half
Pillatsch et 1 DOF Eccentric . .
2014 al., [48] Inertia (Rotation) 2 307 Piezoelectric g;ﬁ:;ithon (worn on upper
Halim et al., 1 DOF Proof Mass . 110 uW when shaken by hand
2014 [41] (Translation) 2 13.5x50 Electromagnetic (15 ms2 to 20 ms?)
. 1 DOF Proof Mass - - 908.7 uW under linear
2015 | JuandJi, [52] (Translation) 27x26.5x6.5 | Piezoelectric excitation (3 g, 17 Hz)
- 3.6 uW during constant
Nakano et al., | 1 DOF Eccentric . ) .
2015 [35] Inertia (Rotation) 2 40x<10 Electrostatic rotation of 1 rotation per
second
4 DOF Proof Mass . .
2016 I[-é%r]oun etal, (Rotation & 2 9x12 Electromagnetic 87.'4 IHW (:)grlr;g7vg/alklng 1
Translation) (single subject, 75 m-min)
Niroomand . .
2016 | and Foroughi 1 DOF. Proof Mass 2 50x12.7 Electromagnetic 416.6 uw during walking
[54] (Rotation) (best subject, ankle)
. 4 DOF Proof Mass 1 .
2017 [GSeS|]sIer etal, (Rotation & 2 63x13 Electromagnetic S 21:(;/ under 4 km-h= walking
Translation) P
1 DOF Proof Mass . 10.66 mW under 8 km-h?
2017 | Wangetal., (Translation) 2 150%x20 Electromagnetic walking speed (on ankle)
Zhao et al., 1 DOF Proof Mass . 63.9 mW when shaken by
2018 [56] (Translation) 2 14x50 Electromagnetic hand at 5 Hz, 6 g

nonlinearities. From a reading of the available literature alone, it remains unclear which

mechanical architecture is best suited to extract energy at the wrist under excitation from

the human wrist during various activities.

A few observations about the publications presented in Table 1-1 will shed some

light on the basis for the significance and merit of the research presented in this manuscript:

First, it is not at all clear which mechanical architecture is best for a particular
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intended application — especially harvesting energy from the wrist from human walking
motion. Device volumes are not held constant, transducers differ from device to device,
optimization of device parameters is often ignored or not discussed, and there is no standard
suite of excitations for experimental testing, rendering comparisons between power output
claims useless in terms of determining a mechanical structure best suited for absorbing
kinetic energy in a wrist-worn application. A fair comparison between mechanical
architectures that sheds light on the optimal architecture is needed; this is the basis for the
work presented in Chapter 2.

Secondly, there are numerous, disparate excitations used to test the devices in Table
1-1. Although this reflects a narrow problem of a lack of experimental standardization, it
is also reflective of a generic problem in the field of vibration energy harvesting: a lack of
rigorous characterization of devices, and a tenuous connection between the benchtop test
signal and the device performance for the intended application — harvesting energy from
human motion. To more firmly establish the superiority of a particular mechanical
architecture proposed in Chapter 2, a benchtop signal reminiscent of arm swing during
locomotion is employed consistently between devices as a single parameter is varied, as
well as between device generations, for device characterization in Chapter 3. Although not
obvious from a cursory reading of Table 1-1, when devices in the literature are tested on
human subjects, they are typically tested on one or very few subjects, and sometimes under
uncontrolled testing conditions. To establish a baseline of performance, a larger population
of human subjects should be used, and the experiments should be carried out under
controlled test conditions; this approach is also employed over two device generations in

Chapter 3.
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Finally, although again not obvious from a reading of Table 1-1, many of the
prototyping efforts presented in Table 1-1 are accompanied by a lack of rigorous
mathematical modeling and analysis. If a device appears to work well, there may only be
speculation as to why this may be the case — if that — and it is not clear if the results are
generalizable to other device scales or input excitations. Many papers consist of the
fabrication and characterization of a device without any mathematical modeling at all.

Due to the watch-like form factor, the adoption of wrist-worn wearables, and the
output of the work presented in Chapter 2, it is clear that there exists great potential for
rotational architectures in wrist-worn energy harvesting applications. Such architectures
are, however, very complex dynamical systems that exhibit a wealth of interesting
dynamical phenomena. For this reason, the relationship between design parameters and
power output is not well understood. Even the more elementary relationships between, for
example, the seismic mass, or inertia about the center of gravity of the rotor, and the
resultant device behavior remain unclear. An analysis of some of the more interesting
dynamics of the eccentric rotor system can provide a better understanding of the harvester
system and yield pathways to improving performance; this is the basis for the work of

Chapter 4.

1.4 Research Objectives
This project focuses on wrist-worn vibration energy harvesting, which is concerned
with extracting kinetic energy from the wrist of a user during typical activities, such as
locomotion, for the purpose of powering body-worn, low-power electronic devices. The

project may be broadly demarcated into three objectives:
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Objective 1: Compare architectures for wrist-worn energy harvesting. The goal is
to find a harvester architecture that maximizes absorbed kinetic energy at the wrist during
locomotion. Several device architectures are proposed, mathematical models representing
those architectures are derived, and a methodology for comparing disparate architectures
is developed to allow for a fair comparison. Prototype devices are then fabricated in order
to corroborate the mathematical models, where necessary. This is followed by a discussion
of the results and the idiosyncrasies of the architectures — informed by the mathematical
models and numerical simulations — which is provided to give an understanding of the
relative merits of each architecture.

Objective 2: Rigorously characterize the sprung and unsprung eccentric rotor
architectures. The goal is to demonstrate the results predicted by the mathematical models,
as well as continually improve the implementation of a sprung rotational architecture
through an iterative design process. A consistent benchtop excitation, reminiscent of
human arm swing during locomotion, is used throughout device generations to establish
trends of improvement in the design. A population of human subjects is employed to
demonstrate that the addition of a torsional spring can greatly improve power output under
walking excitations, as well as corroborate model predictions under these excitation
scenarios.

Objective 3: Explore the dynamics of the eccentric rotor architecture with the
purpose of better understanding the relationship between the design parameters and power
output, and potentially uncovering regimes of operation that are available for exploitation.
A rotational architecture is promising for wrist-worn energy harvesting. However, the

relationship between the harvester behavior (and its power output) and key design
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parameters is not totally clear from a comparative analysis alone. A highly simplified linear
model is used to better understand the primary resonance phenomenon exhibited by the
device. A nonlinear perturbation analysis explains the existence of additional resonances
and the disagreement between the simple linearized model and the nonlinear model. The
work results in a proposal for a resonant eccentric rotor harvester — possibly the first of its
kind — that exhibits high power output over a large range of input frequencies with a
relatively small requirement for electrical damping.

The completion of the aforementioned objectives yields several contributions: a
comparative analysis supporting the choice of rotational architecture for wrist-worn energy
harvesting applications, the characterization and empirical demonstration of a novel
rotational architecture with a torsional spring, and a dynamical analysis that provides
greater depth of understanding of the behavior of eccentric rotor devices that leads to the

proposal of a resonant rotational energy harvester device.

1.5 Dissertation Overview

This manuscript consists of five chapters, the first of which is this introduction,
followed by the three chapters that comprise the majority of the results of the project: the
comparative analysis, prototype device implementation and characterization, and
dynamical analysis. The fifth chapter concludes this dissertation and includes a summary
of original contributions and suggestions for future work, and is followed by an extensive
appendix.

Chapter 0 introduces energy harvesting generally, and energy harvesting from

human motion specifically. This chapter provides some useful background on energy
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harvesting theory and motivates the subsequent chapters.

Chapter 2 presents a comparative analysis of various architectures with the goal of
establishing a particular architecture that is best suited for harvesting kinetic energy at the
wrist during human walking. This chapter presents a limited set of data collected from real
prototypes under benchtop excitations and real walking excitations, demonstrating the
beneficial effect that a torsional spring has on the power output for eccentric rotor
harvesters and corroborating the mathematical models derived therein. This chapter is a
reprint of a journal manuscript published in Smart Materials and Structures.

Chapter 3 is a history of the prototyping and characterization efforts that help to
reify many of the conclusions drawn from the mathematical models developed for this
project. The experiments carried out on several generations of prototypes firmly establish
that the addition of a torsional spring to eccentric rotor prototypes can greatly improve
power output under waking excitations. Details of the design each generation of prototype
are provided.

Chapter 4 presents a dynamical analysis of the eccentric rotor architecture under a
benchtop excitation reminiscent of human arm swing during walking. The model is
nondimensionalized to aid in the analysis, and a linearized system is studied to establish
some of the basics of device operation. To explain some of the nonlinear phenomena, a
perturbation analysis is carried out. The chapter concludes with a proposal for a resonant
eccentric rotor harvester.

Chapter 5 summarizes the results of the work of this project, which focuses
primarily on eccentric rotor harvesters and their potential for wrist-worn energy harvesting.

Original contributions are identified and suggestions for future work are provided.
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This dissertation is concluded with an appendix that provides detailed model and

excitation derivations, information on simulation error convergence, exploratory

metaheuristic optimization results, an alternative approach to nondimensionalization, and

a survey of vibration signals from a vibration signal library. The signal survey is a reprint

of a journal manuscript published in Energy Harvesting and Systems.
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Abstract

This paper reports the simulation-based analysis of six dynamical structures with respect to their
wrist-worn vibration energy harvesting capability. This work approaches the problem of
maximizing energy harvesting potential at the wrist by considering multiple mechanical
substructures; rotational and linear motion-based architectures are examined. Mathematical
models are developed and experimentally corroborated. An optimization routine is applied to the
proposed architectures to maximize average power output and allow for comparison. The
addition of a linear spring element to the structures has the potential to improve power output; for
example, in the case of rotational structures, a 211% improvement in power output was estimated
under real walking excitation. The analysis concludes that a sprung rotational harvester
architecture outperforms a sprung linear architecture by 66% when real walking data is used as

https://doi.org/10.1088/1361-665X/aa94d6

input to the simulations.

Keywords: energy harvesting, metaheuristic optimization, harvester architecture

(Some figures may appear in colour only in the online journal)

1. Introduction

The mechanical substructure of a wrist-worn vibration energy
harvester responsible for the absorption of kinetic energy
from its environment—herein referred to as the harvester
architecture—distinct from the particular transduction
mechanism which allows for the conversion of the absorbed
kinetic energy from the mechanical domain to the electrical
domain, is the focus of this work. The prevailing goal of an
energy harvesting architecture is to maximize the amount of
kinetic energy absorbed from the environment, per unit
volume, as possible over a range of input excitations;
numerous novel device architectures have been developed in
order to achieve this purpose.

Rotational architectures are popular for body-worn
energy harvester applications [1-9], perhaps motivated by
some successful commercial products with rotational archi-
tectures [10, 11], the lack of displacement limitations, and a
watch-like form factor. Other architectures in the literature
specialize in responding to linear forcing along a particular

0964-1726/18/044001-+16$33.00

direction by making use of a seismic mass given one degree
of translational freedom [12—16]. Some related architectures
allow for a seismic mass to move in more than one dimension,
or may require a nonholonomic system description [17, 18].

In spite of the numerous device architectures explored in
the literature, it remains unclear if one single architecture is
inherently superior to another in its capacity to absorb kinetic
energy from the wrist under a range of typical excitations.
One major reason for this lack of clarity is inconsistency in
device volumes among the devices explored in the literature;
a large device is typically capable of producing more power
than a smaller device. Although comparisons of power den-
sity may provide a potential remedy, variation in the trans-
ducer technologies employed by devices in the literature serve
to confound a comparison of disparate architectures; the
benefits bestowed upon a device by virtue of judicious
selection of a particular transducer technology may belie the
disadvantages of a suboptimal choice in mechanical sub-
structure. Decoupling the effect of each is a major difficulty
when the goal is to determine a mechanical device

© 2018 IOP Publishing Ltd Printed in the UK
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architecture that is best suited for a particular application.
Differences in parasitic losses from device to device only
further complicate the issue.

Power output from harvester devices can vary wildly
with the type of input excitation, and the excitations to which
devices are subjected for experimental characterization differ
significantly from one device to another. No standardized
battery of benchtop input excitations yet exists in the litera-
ture that can allow for a proper comparison of device per-
formance, and power output using uncontrolled inputs—such
as that of arm swing during locomotion or shaking a device
by hand—varies significantly from test to test even for the
same device under testing, and thus cannot be used as a
reliable indicator of relative device performance without a
substantial population of test subjects operating under con-
trolled conditions.

Finally, the dynamic response of the mechanical sub-
structure of a vibration energy harvester is heavily influenced
by the values of the characteristic parameters that define its
design. For example, the power output of a linear resonant
vibration energy harvester subjected to harmonic forcing is
highly dependent on a choice of spring constant that allows
for resonance with the input. How does one compare the
relative merit of two dissimilar devices if one is carefully
optimized for maximum power output and the other is not?

The purpose of this work is to attempt to create condi-
tions under which a comparison of a subset of popular device
architectures is as valid as possible. To this end, six simple
device architectures have been selected on the basis of
research interest in the literature, and a comparative analysis
of these architectures under arm swing excitations has been
performed to examine the relative merit of each architecture
in wrist-worn energy harvesting applications.

In this work, it is not assumed that the harvester electro-
mechanical coupling is small; thus, the backwards coupling of
the transducer and its consequent effects on the mechanical
dynamics cannot be ignored. Often, a linear viscous damper is
employed to model the effects that the transducer has on the
mechanical harvester dynamics, and the dissipative effect of
this damper—herein referred to as electrical damping—pro-
vides a simple way to compute harvester power output; this
will be the approach used for the comparative analysis pre-
sented here. By treating the energy dissipation effects that the
transducer has on the mechanical dynamics in this way, the
mechanical architecture may be studied as effectively ‘decou-
pled’, or independent from, the electrical domain, facilitating a
comparison of mechanical architectures.

Fixing the transducer type to that which is mathemati-
cally described by a linear viscous damper may not be as
restrictive a practice as it may initially appear. Firstly, a linear
viscous damper can indeed represent an optimal transducer
force capable of maximizing harvester power output in
response to certain excitations [19, 20]. However, it would be
unwise to assume the optimality of linear viscous damper
transducer dynamics for all—or even most—architectures and
all excitations [21-24].

More important is the observation that the effects that
both piezoelectric and electromagnetic transducers have on

the mechanical harvester dynamics can be effectively cap-
tured by the addition of linear damping and a shift in the
harvester oscillation frequency even for nonlinear harvester
architectures—at least in the case of Duffing-type oscilla-
tors [25, 26].

Because a linear viscous damper serves as a good model
for low-frequency electromagnetic energy harvesting as a
result of direct application of Faraday’s law of induction to a
purely resistive lumped element electrical domain model [27],
the most narrow interpretation of this work would be limited
in application to only low-frequency electromagnetic energy
harvesting. However, if the observations made in [26] are
permitted to extend to other nonlinear systems, such as those
described in this paper, then the method used for this com-
parative analysis has the potential to apply to harvesters with
electromagnetic, piezoelectric, and hybrid electromagnetic-
piezoelectric transducers under other excitation scenarios.

2. Device architectures

Motivated by previous research efforts and commercial
endeavors (see section 1), six simple device architectures are
proposed for the purpose of comparative analysis: one rota-
tional architecture, and two linear architectures, as well as
counterparts with linear spring elements. Frictional losses are
modeled as linear viscous in nature, with a damping coeffi-
cient b,,. As described in section 1, electrical transduction is
also assumed to be linear viscous in nature, acting in parallel
with the mechanical damping, with an electrical damping
coefficient b,. The total viscous damping coefficient is
b = b, + b,. A discussion on the individual architectures and
their mathematical models now follows.

2.1. Rotational structures

The first structure considered in the analysis, herein denoted
as the rotor, unsprung rotor, or unsprung rotational structure
or architecture, is comprised of an eccentric seismic mass that
rotates about an axis, as in [3]. The second structure, herein
denoted as the sprung rotor or sprung rotational structure or
architecture, is identical to the rotor structure, except that a
torsional spring acts on the mass, with a spring constant that
typically causes the rotor to rest in the upper (with respect to
gravity) semicircle in the absence of external input. See
figure 1.

A derivation of the rotor architecture model now follows
for the convenience of the reader, as well as to correct a minor
error in a similar model derivation found in [3] and used in
[28]. This derivation also differs from that found in [6] in its
generality; instead of considering individual forcing cases,
generalized forcing from arbitrary combinations of linear
accelerations and rotations in the z direction (refer to figure 1)
are considered. See table 1 for variable definitions.

Because the Lagrangian approach will be used to derive
the equation of motion, the derivation for the rotational
structure begins by considering multiple coordinate frames
useful for computing the total system energy; Oy is an inertial
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Figure 1. Illustration of the sprung rotor harvester architecture.

Table 1. Variable definitions for rotational model derivation.

Variable  Definition

m Mass of rotor

1, Moment of inertia of rotor about center of gravity

b Linear viscous damping coefficient for rotational damper

k Linear spring constant for torsional spring

(] Angle of centerline of rotor as measured from basis
vector X,

0 Angle of basis vector x, as measured from basis vector
Xo (‘housing angle’)

[0) Angle of basis vector x, as measured from basis vector
x; (‘relative rotor angle’)

X Scalar displacement of O, in basis vector x, direction
(“absolute housing displacement’)

Y Scalar displacement of O, in basis vector y direction
(‘absolute housing displacement’)

x Scalar displacement of O, in basis vector x; direction

y Scalar displacement of O, in basis vector y; direction

P Displacement vector from O, to center of gravity
(Eccentric length, |p|| = L)

dy, Inter-origin vector from Oy to O,

dy» Inter-origin vector from O, to O,

Ry Rotation matrix from coordinate frame O; to Oy

'R, Rotation matrix from coordinate frame O, to O,

reference frame, O, is a reference frame fixed to the rotor
housing, and O, is a reference frame fixed to the rotating rotor
mass. See figure 2. It is assumed that out-of-plane rotations
contribute a negligible amount of kinetic energy to the rotor
mass, and are thus ignored in the model derivation.

This derivation considers the combined effects of coor-
dinate frame acceleration and gravity as a single effective

Yo
A
Y2 X,
M
P
y 2 q)
dp
X, w
o - X'
XY 0,
doy 0
| »
0, )I( P X

Figure 2. Schematic of rotational harvester structure used for the
derivation of the equation of motion.

acceleration; the reason for this is that accelerometers typi-
cally report net acceleration—that is, total acceleration of O,
from motion plus effective acceleration from gravity—and
this approach enables the use of direct accelerometer readings
as model input. Therefore, acceleration input values i and y
(to be introduced later) are really the combination of linear
acceleration and gravity, as would be reported by an accel-
erometer. Thus, the potential energy contribution from gravity
will be ignored without any loss of model generality, making
U = 0 in the Lagrangian.

Kinetic energy is considered at the center of mass of the
rotor, and is composed of translational and rotational com-
ponents:

1 a9 1. .9
T=—ml|v| + =Ly
S v + Sl

First, locate the point 2p = [é] in Oy. Express the dis-

placement vector as

O =%, +°Rld,, + °R'R2p
| X+ x'cos @ — y'sin@ + L cos(0 + o)
| Y+ x'sinf+y cos@ + Lsin@ + ¢) |

So far, no constraints have been placed on x’ and y’ (the
displacements of O, as measured from Q). This was done for
generality. Now assume x’ =y = 0 = constant, which
corresponds to the axis of rotation coinciding with coordinate
frame of O, for all time. With this assumption, differentiation
of % with respect to time yields

d()r — X == L’(ZJSiIl’l,/J
dr Y + L cos i |
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Since 1) = 0 + ¢, substitution of v into the expression for
kinetic energy yields

T= %m[(}'{ — L sin 1)?
+ (Y + L cos )? ] + %lgipz.

The Lagrangian is formed by £L =7 — U = T and the
Euler-Lagrange equation is invoked to find the stationarity
condition, in conjunction with the Rayleigh dissipation
function R = %b(d) — 0)? to account for the effect of
damping between O, and the rotor mass, to obtain the
equation of motion for the rotor:

&= mL(Y cos 1 — X sinv)) + b(ah — 6)
' mL? + I, ’
Typically, accelerometers report acceleration values
expressed in terms of a coordinate system fixed to the
accelerometer. Thus, the time-varying functions X(7) and
Y(t) (the scalar components of the vector representing the
acceleration of O, expressed in the O, coordinate frame) are
not useful inputs in practice. Because this acceleration is
merely a vector a € R? expressed in Oy, make use of the
coordinate frame transformation to re-express this vector in
0,, denoted la:

g = 0T X :[co§0 sm0] x|
V4 —sinf cos @ || ¥
Make the substitutions X = ¥ cos §# —j sin § and ¥ =
X sin @ + y cos 6 then simplify:

_ mL(§ cos (¢ — 0) — ¥sin(y) — 0)) + b() — 6)

= mL? + I,

(e))

Finally, note that one is often not concerned with the angle
of the rotor with respect to an inertial frame; the relative angle is
typically more important. Substituting v = 6 + ¢ yields

_mL(y'cosqh—J'c’sind))+béﬁ )

o= mL? + I,

2

so that the equation of motion may be solved for ¢(r) directly.

The addition of a torsional spring simply adds a restoring
torque to the rotational mass that is proportional to the relative
angle, ¢. The zero-torque angle is taken to be ¢ = 7/2 by
convention. Thus, the sprung rotor architecture is described by

mL(y cos ¢ — i sin ¢) + b + k(¢ _ %)
- mL? + I, -

3)

Note that the unsprung rotor model (2) corresponds to a
special case of (3) where k = 0.

Average power output of a rotational device under a
particular excitation signal of length 7 is found by solving the
relevant equation of motion and numerically integrating the

Linear Spring Seismic Mass

L

b S

End Stop Transducer

Figure 3. One-dimensional sprung linear slide architecture.

Figure 4. Two-dimensional linear slide structure.

instantaneous power dissipated in the electrical damper over
T

the length of the signal; that is, By, = % f b,0%dt.
0

2.2. Linear structures

Four of the six structures in the analysis are comprised of a
single seismic mass free to translate within a plane with one
or two degrees of freedom. The first of these four structures
considered is the one-dimensional linear slide, comprised of a
seismic mass that is free to move in a single dimension up to
the length of the device, wherein impact occurs. The one-
dimensional sprung linear slide structure or architecture is
simply the one-dimensional linear slide with a restoring force
provided by a spring. See figure 3. Additionally, two-
dimensional analogs of the one-dimensional linear slide
architectures were considered that are composed of pairs of
linear damper and spring elements acting orthogonally and
independently on the single seismic mass within the two
available degrees of freedom. These structures are denoted as
either the two-dimensional linear slide structure (see figure 4)
or the two-dimensional sprung linear slide structure,
depending on the presence of spring elements.

In the case of the one-dimensional slide structures, it is
assumed that accelerations orthogonal to the direction of
the degree of freedom have negligible impact on the
dynamics and are thus ignored; the only acceleration con-
sidered in the model is that which acts along the direction in
which the seismic mass may move. Additionally, the effects
of rotation of the slide housing—and the resulting cen-
trifugal forces—are also considered negligible and are
ignored in the derivation. As a consequence of these sim-
plifying assumptions, the equation of motion for the one-
dimensional sprung slide may be described by the classical
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Figure 5. Sprung (and unsprung) rotational prototype device with
electromagnetic transducer.

base excitation equation

mz + bz + kz = —d, 4)

where z is the displacement of the seismic mass relative to
the housing, m is the seismic mass, b is the total linear
viscous damping coefficient, & is the spring constant, and d
is the linear acceleration of the housing in the direction of
the single degree of freedom, as in [29]. The unsprung one-
dimensional slide is also modeled by (4) in the special case
that k = 0.

It is important to note that (4) describes the motion of the
seismic mass only at points where it does not make contact
with the end stops. When contact occurs, it is assumed that
this reaction to the end stop may be described as an impact
that reverses the velocity of the seismic mass before impact,
va, and modifies it by the coefficient of restitution 0 < e < 1,
i.e. velocity after impact vy = —evj.

In order to model the two-dimensional slide structures,
(4) is applied independently in each direction of motion using
independent values of k and b in each direction.

Finally, average power output of a linear device under a
particular excitation signal of length 7' is found by solving the
relevant equation of motion and numerically integrating the
instantaneous power dissipated in the electrical damper over

T
the length of the signal; that is, Py, = %f b,22dt.
0

3. Model validation

In order to corroborate the harvester architecture models
developed in section 2, prototype devices were constructed
and their performance quantified under various excitations.

To validate the rotational harvester models, a rotational
prototype device was fabricated. An electromagnetic trans-
ducer was selected for ease of construction and for desirable
transducer physics; that is, the transducer torque is approxi-
mately proportional to angular velocity. The prototype can be
unsprung, or house a torsional spring. See figure 5.

Similarly, a simple one-dimensional linear slide proto-
type device was fabricated. Again, an electromagnetic trans-
ducer was selected. See figure 6.

Magnetic
Seismic
Mass

Copper Coil

Figure 6. One-dimensional unsprung linear slide prototype device
with electromagnetic transducer.

The workflow for corroborating all of the models
involves first characterizing the device in order to determine
the various coefficient values to be used in the model—spring
constants, damping coefficients, mass, etc. Then, the proto-
type is subjected to either a known vibrational input and the
voltage output waveform across a resistive load is recorded,
or is subjected to an uncontrolled input and both the output
waveform and inertial data are simultaneously recorded using
an inertial measurement unit (IMU). Power dissipation in a
resistive load is computed. The values of the coefficients
characterizing the prototype device, along with the necessary
vibrational input, is fed into the corresponding model, and the
dissipated power from the model is compared with the dis-
sipated power computed from empirically measuring output
voltage waveforms.

3.1. Device characterization

In order to make use of the models developed in section 2,
values for the various coefficients were determined for the
prototype under consideration.

For the rotational prototypes, mass, inertia and center of
mass location were determined using SolidWorks Computer
Aided Design software’s Mass Properties tool. The values for
mass estimated from this tool were checked against empirical
mass measurements of individual prototype components to
help ensure reasonable accuracy of the other estimated para-
meters. Values for torsional spring constants were estimated
by observing the frequency of free oscillation of the rotor
mass and recording the response with a high-speed camera.
See figure 7. Values for mechanical and electrical viscous
damping coefficients were also found by recording the free
oscillation of the rotor mass with a high-speed camera and
applying the log decrement method to the response decay
envelope. This process was repeated for all spring constants
used in the sprung rotor device prototype, as well as the
unsprung rotor prototype which was allowed to oscillate
under the effect of gravity. Finally, the obtained values for b,,
and b, for the sprung and unsprung prototypes were averaged
to map the list of damping values to single-valued coefficients
to be used for all simulations.
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Figure 7. Experimental setup for estimating viscous damping
coefficients.

For the linear slide prototype, the seismic mass (a
cylindrical magnet) was measured with a scale. The coeffi-
cient of restitution was estimated by dropping the mass from a
known height in an elongated version of the prototype and
observing the height after collision with an end stop.
Mechanical damping was estimated by inclining an elongated
version of the prototype at a known angle with respect to
gravity and recording the time taken by the seismic mass to
traverse the length of the prototype; with all other coefficients
known, the damping coefficient can then be backed out of (4).
The electrical damping of the linear prototype was far more
difficult to measure primarily because of the small range of
displacements (the distance between coils) over which sig-
nificant electrical damping is applied to the seismic mass.
Thus, the approach for estimating this parameter involved
solving for the magnetic field of the magnet using finite
element software and performing numerical surface integra-
tion to estimate flux through the coils over a range of magnet
displacements. The rate of change of flux with respect to
displacement could then be computed and, after assuming a
load resistance matched with the measured coil resistance, the
electrical damping coefficient could be computed.

3.2. Swing arm test setup

A controlled input excitation can aid in the understanding of
the dynamical behavior of harvester architectures, as well as
provide a reasonable means for a performance comparison of
prototype devices. To this end, a swing arm benchtop
empirical testbed was developed, which is composed of a
computer-controlled stepper motor driving a 0.5m long
aluminum pendulum. Prototype devices are mounted on the
distal end of the swing arm and are driven using a sinusoidal
excitation with a fixed swing frequency and swing angle
amplitude; an input signal hereafter referred to as pseudo-
walking input. See figure 8. A coil-resistance-matched
resistive load is installed across the output terminals of the
prototype under consideration in order to provide a means of
power dissipation. Voltage waveforms across the resistive
load are recorded using a data acquisition system. Because
the stepper motor and the motor controller generate a con-
siderable amount of electromagnetic interference in the
prototype electromagnetic transducers, a low pass filter with
a cutoff frequency of 10 Hz is used to filter the voltage

Device

Figure 8. Swing arm experimental setup during operation.

Rc

R

Figure 9. Lumped element model of harvester electrical domain
showing power conjugate variables. Notice that coil inductance is
neglected.
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Figure 10. Example voltage waveform across load resistor generated
by unsprung rotational prototype under pseudo-walking excitation.

waveforms. The voltage waveforms are then stored and
exported for processing after each experimental run.

To compute average power dissipation in the load
resistances, the root mean square (rms) voltage across the
resistive load, Vi, is computed at each sampled point, and
the instantaneous power at each sampled point found using
Biger= mes /R;. Average power dissipation in the load
resistance is determined by taking the mean of the regularly
sampled instantaneous power values Py over the entire
signal. See figure 9. An example of a load voltage waveform
across coil-resistance-matched resistive load produced by the
unsprung rotational prototype under pseudo-walking excita-
tion is shown in figure 10.
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Figure 11. Average power versus torsional spring stiffness plot for
pseudo-walking swing arm frequency of 0.8 Hz (1.25 s period) at
multiple excitation amplitudes.
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Figure 12. Average power versus torsional spring stiffness plot for

pseudo-walking swing arm frequency of 0.91 Hz (1.1 s period) at
multiple excitation amplitudes.

3.3. Rotational structure swing arm results

The stiffness of the torsional spring plays a major role in the
dynamic response of the sprung rotor, and thus has the
potential to greatly impact power output. Considering the
importance of this parameter on device performance, a natural
choice in evaluating the predictive power of the mathematical
models is examining how well empirical measurement of
average device power fits a simulated average power versus
spring stiffness plot under swing arm excitation. A coil-
resistance-matched resistive load of R, = 240 2 was installed
across the output terminals to provide a means for power
dissipation and measurement. See figures 11-14, and note

Power vs Spring Stiffness (w=1.1 Hz/T=0.91s)
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Figure 13. Average power versus torsional spring stiffness plot for
pseudo-walking swing arm frequency of 1.1 Hz (0.91 s period) at
multiple excitation amplitudes.

Power vs Spring Stiffness (v=1.25Hz/T=0.8s)

180
Simulation, +25° angle
160 Simulation, +18° angle
Simulation, +12.5° angle
© Measured, +25° angle
140 + Measured, +18° angle
Measured, +12.5° angle
120
2
=100
g
3 80Ff
o
60
40
20
0 : = '
0 0.5 1 1.5 2 2.5 3 35

Spring Stiffness [N*m/rad] %107

Figure 14. Average power versus torsional spring stiffness plot for
pseudo-walking swing arm frequency of 1.25 Hz (0.8 s period) at
multiple excitation amplitudes.

that the performance of an unsprung rotor device corresponds
to zero spring stiffness in the plots.

In order to produce the plots found in figures 11-14,
10 000 regularly spaced spring constant values ranging from
k=0 Nmrad~' (unsprung) to k = 3.5 x 10~ Nmrad ™'
were fed into the sprung rotor model, along with the relevant
device parameters, and various types of swing arm excitation.
The length of simulation was 90s. The average power calc-
ulation did not begin until 60 s into each simulation to reduce
the effect that initial conditions may have on average output
power. Due to the presence of a matched load resistance, it
was assumed that half of the power reported by the model was
lost to the coil resistance. Consequently, a factor of 2 was
applied to the average power value reported by the model.
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Figure 15. Measured versus simulated power output of the unsprung
linear slide prototype subject to pseudo-walking excitation.

Note that the impedance due to coil inductance at the low
frequencies used in this analysis is negligible.

Figures 11-14 indicate generally good agreement
between simulation and empirical measurement over most
spring constants. However, experimentally validating the
sharp peak in power output at specific spring stiffness values
was particularly challenging as only a finite number of spring
stiffness values could be tested, and a measurement of the
spring stiffness could not be performed with accuracy until
after the spring was installed in the prototype device. Initial
conditions may also play a significant role in the long-term
behavior of the rotational architectures that can make
empirical corroboration of the peaks difficult; see section 4.3
for further discussion.

3.4. Linear structure swing arm results

Being that the linear model proposed in section 2.2 has been
corroborated under a variety of circumstances in the literature,
only a simplified model validation procedure was carried out
for the unsprung one-dimensional slide prototype pictured in
figure 6 for the sake of completeness. The battery of pseudo-
walking signals used to validate the sprung and unsprung
rotational models (see sections 3.2 and 3.3) was employed to
validate the unsprung linear model. A coil-resistance-matched
resistive load of R, = 4202 was installed across the output
terminals of the linear prototype in order to provide a means
of power dissipation and measurement. A factor of 2 was
applied to the average power value reported by the model, as
in section 3.3. The experimental results are plotted in
figure 15.

It is clear from figure 15 that the behavior of the proto-
type device is not captured particularly well by the model
presented in section 2.2. However, there are several important
points to note: firstly, the prototype was not designed to
exhibit friction that is linear viscous in nature (nor was the
prototype fabricated with low-friction materials; note the

Figure 16. One of two prototype device and Shimmer3 pairs
mounted on the right wrist of a participant before a human
subject test.

relatively high value for mechanical damping in table 2). It is
quite possible that, at low excitation frequencies and ampli-
tudes, coulombic friction effects—especially that of static
friction—dominate the behavior, and these effects are not
captured when the damping is modeled using a linear viscous
damper. The increase in simulation accuracy seen in figure 15
as swing arm frequency or amplitude are increased appears to
support this claim. Secondly, the electrical damping coeffi-
cient was not measured in as direct a manner as the
mechanical damping coefficient for the linear prototype, as
explained in section 3.1. Considering the relatively crude
means by which this parameter was estimated, it is perhaps
unsurprising that the simulation does not better fit the mea-
sured data over all tested excitations.

3.5. Rotational structure human subject results

In order to further corroborate the rotational model developed
in section 2, a comparison between empirically measured
average power dissipation across a resistive load and simu-
lated power dissipation under real walking excitation was
desired. To accomplish this, 10 human subjects were tasked
with walking on a treadmill at 3.5 mph (approximately
1.56ms™ "), a fast-paced walk. Two rotational prototypes
were affixed together to either the left or right wrist; one
unsprung prototype, and one sprung prototype with a spring
constant k = 1.05 x 107 Nmrad~', which simulations
suggest is near optimal for this type of excitation and the level
of damping present in the prototype. Once again, a coil-
resistance-matched resistive load of R; = 240 €2 was installed
across the output terminals of each rotational prototype in
order to provide a means of power dissipation and measure-
ment. Two Shimmer3 data acquisition units [30] indepen-
dently sampled the output voltage waveforms across the load
resistances of each prototype device while simultaneously
recording IMU data at a sampling frequency of approximately
51 Hz during the walking activity. See figure 16. The small
amount of data recorded before and after the walking activity
were discarded for the power calculations and simulation
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Table 2. Measured prototype parameters for use in model validation.

Rotational prototypes

Linear prototypes

Parameter Value(s) Parameter Value(s)

Rotating mass, m 10.7 g Seismic mass, m 172 ¢

Inertia about center of gravity, /, 819 gmm’ Coefficient of restitution, ¢ 0.1

Eccentric length, L 1.52 mm End stop distance, d 7.14 mm

Torsional spring constant, k 0-3.5x 10 * Nmrad ™" Linear spring constant, k 0

Mechanical damping, b,, 594 % 107" Nmrad 's™' Mechanical damping, b, 93x 107 2Nm's7!
Electrical damping, b, 1.87 x 10 Nmrad~'s™'  Electrical damping, b, 0222Nm's™!

input. Average power dissipation in the load resistance was
computed exactly as described in section 3.2.

To simulate average power dissipation in the prototype
devices, the IMU data collected with the Shimmer3 device
were fed into the mathematical models along with the relevant
measured prototype parameters. The first 5 s of the simulation
data were ignored in the average power calculation to reduce
the effect that initial conditions have on power output. Again,
it was assumed that half of the power reported by the model
was lost to the coil resistance. Consequently, a factor of %2
was applied to the average power value reported by the
model.

Figure 17 shows the correspondence between measured
power output and predicted power output from the unsprung
rotor prototype and model. Although the simulated power
output mostly tracks the broad trends between subjects, there
exists significant disagreement between empirically measured
and simulated average power output for several individual
subjects. The source of this disagreement is not clear, and
such disagreement does not persist in simulations of the
sprung rotational model, as will be discussed next.

Figure 18 shows the correspondence between measured
power output and predicted power output from the sprung
rotor prototype and model. The agreement between mea-
surement and simulation is generally very good, even when
making the comparison for most individual subjects. Binning
the error in simulated power output for both the sprung and
unsprung rotational models makes it clear that the model
makes more accurate predictions for the sprung device in
general, and the model is significantly less accurate in pre-
dicting power output for the unsprung device. See figure 19.

Sources of error in both the sprung and unsprung rota-
tional device models include: inaccuracy in the measurement
of prototype device parameters, finite IMU acceleration and
rotation rate resolution, and inaccuracies in IMU data that are
a consequence of the fact that the IMU cannot occupy the
exact same location on the arm as the prototype device during
testing, and thus collects inertial data that do not exactly
reflect the real accelerations and rotations experienced by the
prototype during testing.

Causes for the disparity in error between the sprung and
unsprung rotor models, as summarized in figure 19, are less
forthcoming, but could be a result of numerical instability in
the governing differential equation for the unsprung rotational
model that does not appear to be exhibited by its sprung
counterpart, or even sensitivity to initial conditions exhibited

by the unsprung rotational model under real walking data
excitation. A study on the role that initial conditions play on
the long-term power output for sprung and unsprung devices
under human subject excitation is beyond the scope of this
work. For a brief discussion on the effect of initial conditions
on the rotational model under a particular pseudo-walking
excitation, see section 4.3.

4. Comparative analysis

With the mathematical models experimentally validated and
qualified, the next step in the analysis is to compare the
relative performance of the different device architectures
discussed in section 2 via simulation. Device volumes
(defined as the volume swept by the seismic mass displaced
through the configuration space of its center of mass) were
first fixed to an arbitrary 1 cm® for the simulations. Tungsten
seismic masses (density p = 19 000 kg m ) were assumed
for each device architecture. Mechanical damping coefficients
were fixed. Two distinct input vibration types—pseudo-
walking and data collected from real walking input—were
considered in the comparison. Characteristic design para-
meters for each architecture model were optimized for each
input signal in order to maximize average power output for
that signal. Average power output was compared between
device architectures, as well as power output sensitivity and
variation in in optimal parameters.

4.1. Mechanical damping

The rotational viscous damping coefficient was fixed at an
arbitrary b,; = 1 x 1077 Nm rad~' s~'—a choice motivated
by experience with achievable levels of viscous damping for
rotational devices on the scale considered in the analysis. In
order to derive a comparable damping coefficient for the
linear structures, a cyclical energy balance was considered:
given an arbitrary periodic relative rotor motion ¢ (¢) with an
associated value of work W, = over the period of motion, find
a value of the linear viscous damping coefficient that, if a
linear viscous damper applied a damping force proportional to
the velocity of a particle positioned at the center of mass of
the rotor undergoing the periodic motion ¢(z), the damper
attached to the particle would dissipate (do) an equivalent
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Figure 17. Measured versus simulated power output for the unsprung
rotor prototype subject to real walking data.
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Figure 18. Measured versus simulated power output for the sprung
rotor prototype subject to real walking data.

value of work, W, .. That is,

Womt = Wom2

¢ bml(r;)dé = ¢ bypxdx,
b ¢ d’zdf = meLZ ¢ ézdf

such that b, = b,,; /L* Using the eccentric length of a 2 mm
thick rotational device L = 5.4 mm, the associated linear viscous
damping coefficient is b, = 0.0034 kg s, which was the value
used for the linear devices in the comparative analysis.

4.2. Optimization

The specific set of values of an architecture’s design para-
meters, such as electrical damping or torsional spring
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Figure 19. Histogram of error in power output for rotor models
subject to real walking data.

constant, greatly impact the nature of the dynamic response of
a given architecture to excitation, and thus the performance of
the architecture in terms of average power output. Con-
sequentially, for a fair comparison of architectures, it is
desirable to first find the optimal set of values for each
architecture that maximize average power output in response
to a particular input excitation. Then, with device volumes
fixed and dissipative losses reasonably equated (see
section 4.1), average power output becomes a sensible metric
for gauging relative performance.

However, input signals considered in this work include
those obtained from human subjects during walking that are
quite complex in nature and, in the case of the rotational
structures, the differential equations describing the harvester
architecture are highly nonlinear. As a consequence, the
relationship between design parameters, input excitation, and
average power output is not known until the equations of
motion describing the harvester have been numerically solved
and average power output computed. In order to set up an
optimization problem, an objective function was formed,
which took in design parameters and input excitation data as
arguments, numerically solved the relevant differential
equation using zero initial conditions for the state variables
and, ignoring the first portion of the solution in an attempt to
reduce the effect of initial conditions, returned the average
output power of the harvester. Objective functions formed
using the output of numerical ordinary differential equations
solvers are nonsmooth—a consequence of solution variation
within the bounds of user-defined error tolerance—and many
local minima appear on the objective function surface. Worse
yet, larger scale local minima may also be present as a result
of the problem being nonconvex, in general. Furthermore,
objective function evaluations are computationally costly, as
the input signals may be fairly long (40 s or more), making
brute-force optimization approaches impractical. For pro-
blems involving the optimization of parameters of ordinary
differential equations, such as the one described above,
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Table 3. Examples of the types of optimization problems (in nonstandard form) solved for each input signal
for the comparative analysis. Electrical damping b,, spring constant k, and geometry parameters a, w, [, L
serve as optimization variables, B, is the objective function that returns average power output, and x;, and
xup indicate lower and upper x-variable bounds, respectively.

Sprung rotational harvester

Sprung linear harvester

maximize By (be, k, )
bek
subject to by < by < buy

nggkub
ap S a < ay

maximize BRuvg(bes k, w, I, L)
beskow,lLL
subject to bpy<b <by [—L=0
0<k<ky W=V

dp <w, I, L <dy

MATLAB'’s Pattern Search (PS) algorithm is a good solver
choice [31].

In order to attempt to search through multiple basins of
attraction in the search space, but allow for efficient conv-
ergence to the minimum within a promising basin of attrac-
tion, a hybrid optimization scheme was used: a genetic
algorithm (GA) was used for a global search of the solution
space that passed the best solution to the PS algorithm for
convergence to a minimum—a routine similar to that
recommended in [32]. Relatively large population sizes and
elevated mutation rates were used to search the solution space
with the GA, and tight mesh tolerances on the PS algorithm
(in addition to tightened solution tolerances of the numerical
solver) assisted in achieving consistent optimization results
for a given input signal.

In addition to optimizing electrical damping coefficients
and spring constants, geometric parameters were exposed as
optimization variables in order to determine the geometric
configuration of the architectures that maximize power out-
put. Device thickness is a major consideration for a wrist-
worn device, and this design variable will almost certainly be
heavily constrained in any real application. As a result, three
arbitrary thicknesses of 2, 3, and 4 mm were selected for the
devices, which were fixed during the optimization procedure.
In this way, unreasonably thick or thin optimization solutions
were precluded from consideration, and the dimension of the
solution space could be reduced by one variable. This
approach also serves to make comparisons between different
structures easier. If device thickness is fixed, the only
remaining geometric variable for the rotational geometry is
the sector angle of the rotor. For the one-dimensional linear
slide structures, the total device length, the seismic mass
length, and the seismic mass width are the remaining vari-
ables that define the geometry; for the two-dimensional slide
structures, seismic mass length and device length in the
additional dimension are also necessary to fully define the
geometry.

The value for the coefficient of restitution, e, in the linear
slide architectures was found to have no practical impact on
device performance and was thus excluded as a design vari-
able to be optimized. This unexpected result is a consequence
of the optimization procedure itself; the optimal electrical
damping for the linear models was found to be that which
avoided contact with the end stops, which reduces power
output. Related consequences of end stop contact are dis-
cussed in section 4.6.

Finally, in order to improve the quality and reliability of
the optimization output as well as preclude impossible
designs, practical bounds were placed on some of the design
variables. For example, an arbitrary device length of d, = 3
cm was chosen to be a practical limiting case for a wrist-worn
device, and a maximum rotor sector angle of a,, = 27 was
chosen to prevent the optimization algorithms from searching
over impossible sector angles. See table 3 for examples of
optimization problems that were solved in this work.

4.3. Effect of initial conditions

Being that the architectures presented in section 2 are non-
linear dynamical systems, it is reasonable to be concerned
about the degree to which initial conditions may play a role in
determining the long-term behavior (and, by extension, power
output) of such systems under various excitations. A numer-
ical approach was taken in an attempt to partially address this
concern for the rotational architectures; 1000 regularly spaced
spring constant values ranging from k=0 Nmrad '
(unsprung) to k =3 x 1074 Nmrad~' were fed into the
sprung rotor model, along with the relevant device para-
meters, to produce a plot similar to that of (the highest
amplitude excitation found in) figure 13. However, for each
spring constant, many (65> = 4225) initial conditions (ICs)
were given to the model instead of just the zero initial con-
dition. The ICs were evenly dispersed in a region of the phase
space considered to be within nominal operating conditions
for the harvester: initial angles of —7/2 < ¢ < 7/2 rad and
initial angular velocities of —67 < <p < 6mrrads™!, including
the origin. The simulation output is captured in the plot found
in figure 20.

The plot in figure 20 suggests that there are multiple
distinct orbits that persist long after the start of the simulation
that produce disparate values of power. However, most of the
harvester orbits described in the plot that correspond to var-
ious nonzero ICs coincide with the points that correspond to
the zero initial condition, including some of the highest power
orbits. This suggests that, although initial conditions do
indeed play a role in the steady state dynamics of the sprung
rotational architecture for certain spring stiffness values, this
role does not serve to advantage the rotational architecture
unfairly when zero initial conditions are assumed in the
optimization procedure described in section 4.2. Furthermore,
the existence of multiple steady state power values seen in
figure 20 provides a plausible explanation for the
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Figure 20. Power versus spring stiffness for multiple ICs. Note that
for some values of spring stiffness, there are multiple stable periodic
orbits that produce different mean power values.

disagreement between simulation and experimental mea-
surement seen for mid-range values of spring stiffness in
figures 11-14.

The simulation-based analysis described in this section is
by no means exhaustive. Generating the plot found in
figure 20 is very computationally expensive, and further
analysis focusing on the dynamics of the rotational system is
required to better understand the nuances of this behavior—
this is beyond the scope of this work.

4.4. Pseudo-walking

The first optimization routines were applied to the linear and
rotational device models described in section 2 under a syn-
thesized pseudo-walking input (see section 3.2) with a swing
period of 1.1s (w~ 0.91) and a swing arm amplitude of
+18°. The computer-generated signals were 40's in length,
and the first 10 s of the harvester response were ignored in the
calculation of average power to reduce the effect that initial
conditions may have on the average output power. The pri-
mary results of the optimization can be found in table 4.

The results of the optimization across device thickness in
table 4 are unsurprising; with device volumes held constant,
the rotational structures benefit from an increased distance
from the rotating center to the center of mass of the rotor,
increasing the lever arm on which linear forces act. Thus,
under the pseudo-walking signal, table 4 suggests that a
thinner rotational device outperforms a thicker rotational
device. The same scaling relationships are not shared among
the linear devices, which is also unsurprising; if the thickness
of a linear structure is constrained, the same seismic mass can
be achieved by increasing the width of the device.

In all cases, sprung and unsprung, rotational and linear,
the optimal design variables for geometry converged to the
same point: the seismic mass consuming %2 of the total device
volume. For rotational devices, this suggests that the optimal
sector angle is 180° and, for linear devices where the width of
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Figure 21. Box plot indicating the median, maximum, and minimum
average power output for each device, along with quartiles. Mean
average power output is indicated with a blue circle.

the seismic mass is the same as the device width, this suggests
that the seismic mass should be Y2 the total device length.

Missing from table 4 are the optimized power output
results from the two-dimensional linear slide device archi-
tectures; this is because these architectures consistently
converge upon the optimal one-dimensional linear slide
architecture parameters during optimization, suggesting that
the additional degree of freedom does not result in increased
harvester performance over the analogous one-dimensional
architectures. For this reason, the two-dimensional linear slide
architectures were omitted from further analysis after this
stage of optimization.

It is clear from table 4 that the addition of a spring can
greatly increase the mean output power of rotational devices
under pseudo-walking input; for a 2 mm device thickness, the
increase in mean power is approximately 851%. For linear
devices, however, no increase in mean power output is
observed at all. Notice that for a 2 mm device thickness, the
one-dimensional linear slide architectures outperform the
sprung rotational architecture by 21% under pseudo-walking
excitation. It is important to note that the mean linear accel-
eration of the pseudo-walking signal along the direction of the
single degree of freedom of the one-dimensional linear slide
architecture is zero; this fact has implications on device per-
formance that are discussed in section 4.6.

4.5. Real walking data

The real walking data collected from the wrists of 10 human
subjects during a controlled 3.5 mph walking experiment (see
section 3.5) were used as input to the rotational and linear
device models described in section 2 to allow for a compar-
ison of structures under real walking excitations. The
optimization scheme described in section 4.2 was applied to
each architecture for every individual input, so that the
maximum average power output for all architectures was
determined for every subject. However, it should be noted
that the results presented in section 4.3 suggest that the
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Table 4. Mean power output under pseudo-walking input for optimized structures with varying device thicknesses.

Thickness  Unsprung rotor mean power  Sprung rotor mean power  Unsprung 1D slide mean power  Sprung 1D slide mean power
2 mm 38.8 uW 369 uW 448 nW 448 nW
3 mm 30.5 pW 295 nW 448 nW 448 nW
4 mm 25.8 uW 253 uW 448 uW 448 uW
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Figure 22. Semi-log plot of average power dissipation versus mean
walking signal acceleration magnitude for the optimized unsprung
slide.

optimal geometric configuration of all harvesters ensures that
the seismic mass consumes %2 of the total device volume.
Running the optimization routine using other pseudo-walking
signals or real walking data not discussed in this analysis
suggest that this configuration is optimal regardless of the
input excitation. Thus, in order to reduce the dimension of the
solution space, all geometric parameters were fixed to this
presumed optimal geometric configuration. The results of this
study are presented in figure 21.

The results summarized in figure 21 indicate that the
addition of a spring to rotational structures improves mean
power output by an average of 211% under real walking
excitation. For the linear structures, the addition of a spring
improves power output by an average of 120% under real
walking excitation. Finally, the sprung rotational architecture
outperforms the sprung linear architecture by approximately
66% on average under real walking excitation.

A more thorough discussion regarding the performance
of the one-dimensional slide structures can be found in
section 4.6.

4.6. Power variation of the one-dimensional linear slide

The variation in power output for the one-dimensional
unsprung linear slide under real walking excitation is very
large relative to the other structures, as can be seen in
figure 21. The trajectories of the seismic mass under these
excitations appear to indicate that, if a significant acceleration

Magnitude of Mean Acceleration [m/s 2]

Figure 23. Semi-log plot of average power dissipation versus mean
walking signal acceleration magnitude for the optimized sprung
slide.

bias exists in the input signal—that is, a nonzero mean
acceleration over the length of the signal—the seismic mass
tends to come to rest against the end stops of the device for a
significant portion of the input signal. As a consequence, the
average power output decreases. The presence of this accel-
eration bias in real walking signals may be explained by a
tendency for the arm to swing about a nonzero angle with
respect to gravitational acceleration, unlike a simple pendu-
lum [33, 34], resulting in a nonzero net acceleration acting on
the mass over the length of the signal. Such an inverse rela-
tionship between power output and acceleration bias appears
to be demonstrated in figure 22, whereby the average power
output of the optimized one-dimensional unsprung linear slide
is plotted against the magnitude of the mean acceleration of
the signal. A similar plot for the optimized one-dimensional
sprung linear slide is given in figure 23. The magnitude
(absolute value) was specifically considered because the
orientation of the x-axis of the Shimmer3 device changes
depending on whether the right or left wrist of the subject was
used for the walking experiment described in section 3.5.
As the magnitude of the acceleration bias increases, the
seismic mass is more likely to rest against an end stop for a
significant duration of the signal, thereby reducing mean
power output. Operating under this assumption, it is reason-
able to assume that the addition of a spring, and thus a
restoring force that tends to move the mass towards the center
of the slide, should reduce the effect that the acceleration bias
has on power output, as the restoring force tends to keep the
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Table 5. Comparison of power output when architectures are individually optimized for each signal and power output when a single

compromise solution is employed for the design parameters.

Unsprung rotor

Sprung rotor Unsprung 1D slide Sprung 1D slide

Mean power, individual optimization 204 nW
Mean power, compromise 168 uW
Power reduction 18%

636 nW 174 uW 383 uW
513 uW 138 uW 276 uW
19% 21% 28%

mass away from the end stops. Figure 23 appears to support
this claim, as the relationship between the magnitude of the
acceleration bias and mean power output is far less pro-
nounced for the sprung linear slide than it is for the unsprung
linear slide.

The results presented in table 4 become more under-
standable when operating under this acceleration bias hypoth-
esis; the acceleration bias of all pseudo-walking signals is zero,
as the driven pendulum on which the pseudo-walking signal is
based oscillates about an angle that is collinear with respect to
gravitational acceleration. The linear slide structures operate
with great efficacy under these conditions, producing greater
power output when compared to the rotational structures under
this excitation. With no restoring force necessary to compen-
sate for nonzero acceleration bias, the spring constant of the
sprung linear slide architecture approaches zero during
optimization, and the power output of the sprung and unsprung
slide structures converge.

Finally, the acceleration bias hypothesis may also explain
why the two-dimensional linear slide structure converges to
the one-dimensional analog during optimization under
pseudo-walking excitation, as mentioned in section 4.3: the
acceleration bias in the additional direction of motion is
approximately that of Earth’s gravitational acceleration,
which is large relative to the orthogonal direction of motion.
If it is indeed the case that it is difficult for the linear slide
structures to generate power under a large acceleration bias,
then it is not surprising that the optimized geometric config-
uration of the two-dimensional slide is to maximize dis-
placements in a direction perpendicular to that of gravity.
Thus, the optimal two-dimensional slide becomes a one-
dimensional slide.

4.7. Variation in optimal parameters

Thus far, the power output of each device under consideration
in the comparative analysis has been accomplished by using
the set of device parameters that optimizes power output for
each input signal. Fortunately, it appears that a single set of
geometric parameters is optimal for all architectures under
any input excitation (see section 4.3). However, this is not the
case for the remaining design parameters: the electrical
damping coefficient and (when applicable) spring stiffness,
which vary considerably from input to input in order to
achieve optimality. If the use of passive components is
desired (a static transducer architecture producing a single
effective electrical damping coefficient, for example, or a
spring of a single stiffness value), then the characteristic
harvester parameters cannot change in response to the type of
input excitation. As a result, the set of parameters that are

optimal for one type of input signal could be significantly
suboptimal for another, and harvester power output will not
be maximized over both inputs.

A compromise solution that generates reasonably high
power output over a range of input excitations using a single,
unchanging set of harvester parameters is desired. One
approach to obtain such a solution is to simply average the
values of the optimization solutions obtained for a set of
signals of interest. For this exercise, the human subject data
described in section 3.5 is used as the set of input signals over
which a compromise solution will be determined. The aver-
age power output of each architecture is found first by indi-
vidually optimizing each architecture to maximize power
output for each of the ten walking signals and averaging the
results; this is identical to the procedure described in
section 4.5 yielding the average power results presented in
figure 21. Then, the optimal design parameters found via
optimization for each architecture are averaged, producing a
single set of design parameters for each architecture. Using
these parameters, the average power output over the ten
walking signals is again computed for each architecture. The
results of this procedure are summarized in table 5.

The results presented in table 5 make it clear that not only
do the rotational architectures outperform the linear archi-
tectures under real walking excitation when each parameter is
optimized from signal to signal as described in section 4.5,
but the rotational architectures also suffer less performance
degradation when a single set of averaged design parameters
is used for all walking signals. Coincidentally, the sprung
rotational architecture with averaged optimal design para-
meters again produced an average of 66% more mean power
output than the sprung linear architecture with averaged
optimal design parameters.

5. Conclusions

A simulation-based comparative analysis of six vibration
energy harvesting architectures was performed. This was
accomplished by first deriving device models, then validating
these models by virtue of experiment. An optimization pro-
cedure was employed to find the values of the device design
parameters that maximized average power output under syn-
thesized pseudo-walking input and real walking data collected
from 10 human subjects during a controlled walking
experiment.

For the rotational architectures, the addition of a spring
greatly improved power output. Under a pseudo-walking
input, average power output for the sprung structure was
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851% higher than that of the unsprung structure. Under real
walking input, the addition of a spring improved mean power
output over the 10 walking signals by an average of
approximately 211%. It is important to point out that this
improvement comes at the cost of structural asymmetry, as
the zero-torque position of the sprung rotational seismic mass
must be in the upper half of the device volume with respect to
gravity in order to realize the power improvement.

For the linear architectures, the addition of a spring gave
mixed results. Under pseudo-walking excitation, optimal
spring stiffness values approached zero for the sprung devi-
ces, indicating that the addition of a spring does not provide
an opportunity for enhanced power output; the performance
of the sprung and unsprung architectures are identical
under this type of excitation. However, using real walking
data as input, the addition of a spring increased mean device
power output by an average of approximately 120% over
the 10 walking signals, while also reducing the variance
in power output between individual walking signals. The
two-dimensional linear architectures were only considered in
the pseudo-walking portion of the comparative analysis,
as the optimal geometry was found to be identical to that of
the analogous one-dimensional structures, suggesting that the
additional degree of freedom does not provide a pathway for
increased power output.

The sprung architectures, rotational or linear, represented
the device structures capable of producing the greatest power
output in the study. Under pseudo-walking excitation, both
sprung and unsprung linear architectures produced 21% more
mean power than the sprung rotational architecture. However,
under real waking excitation, the sprung rotational archi-
tecture outperformed the sprung linear slide architecture by
66% when optimal parameters were used for each walking
signal.

Finally, an averaged optimal solution was employed for
all architectures to investigate the performance impact that
passive components with static parameter values would have
on harvester power output. Even under these circumstances,
the sprung rotational architecture outperforms the sprung one-
dimensional architecture by 66%.

The limited scope of the comparative analysis represents
its primary limitation. A small, albeit common, subset of
device architectures was examined, and nonlinear device
components, such as softening or hardening springs, were
excluded from the analysis. Only a limited set of excitations
were used in the study, primarily to limit computational effort
in searching for optimal device parameters, but also to narrow
the input signals to those which appear representative of
typical wrist-worn harvester excitations during human loco-
motion. The effect that initial conditions has on the long-term
behavior of the architectures in the study was only super-
ficially explored in the rotational architectures and, although
the brief analysis suggested that the effect is minimal,
assuming zero initial conditions for all architectures remains a
potential shortcoming of the study. Finally, in an effort to
focus on the mechanical harvester substructures, many
interesting and potentially exploitable areas of research, such
as active circuit manipulation techniques, were ignored.
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CHAPTER 3

IMPLEMENTATION AND CHARACTERIZATION OF THE

ECCENTRIC ROTOR ARCHITECTURE

The addition of a torsional spring to the eccentric rotor architecture, presented in
Chapter 2, complicates the design of eccentric rotor harvesters significantly, and the claim
of a substantial improvement in power output from the addition of the spring demands
experimental verification. Although significant experimental characterization efforts were
carried out in Chapter 2 for both sprung and unsprung rotational prototypes, far more were
performed that have heretofore not been presented that further reify the mathematical
model’s predictions concerning the eccentric rotor architecture and explore some of the
nuances of electromagnetic harvester design. Given that this project was executed in
coordination with an industry partner, experimental demonstration of performance was
given a slightly more elevated status than it might be given otherwise, and progressive
improvements in prototype engineering — even if accomplished using conventional
engineering practice — were a requirement. Prototype aesthetics and total device package
volume were serious considerations. It is therefore appropriate that this manuscript contain
a history of the prototyping efforts and additional information on experimental device
characterization.

This chapter begins with some remarks on the design methodology employed to
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realize energy harvester prototypes. This is followed by a description of the series of
prototype iterations used to corroborate models and demonstrate performance. A detailed
results section that compares measured power outputs to those predicted by the
mathematical model under both a benchtop “swing arm” excitation and real human subject
excitation provides experimental evidence of the validity of the model and a demonstration
of the improved performance that the addition of a spring yields in the eccentric rotor
harvester architecture. Some conclusions drawn from the material presented in the chapter

complete the discussion.

3.1 Design Methodology

A 2 cm?3 device was desired with dimensions that generally conform to those of a
typical wristwatch. Initially, this volume was taken to be the total swept volume (volume
of the rotor and transducer as the rotor coordinate moves through all points on its
configuration manifold), although devices with a total package volume of 2 cm?® were also
fabricated.

The mathematical eccentric rotor model (2-3) represents the transduction of kinetic
energy into the electrical domain using a linear viscous damper element. Thus, the torque
applied to the rotor by the damper element is proportional to the angular velocity of the
rotor, and the constant of proportionality is the linear viscous damping coefficient. As this
model was developed for use in the comparative analysis first, it was desirable to then find
the transducer technology that best mimicked the behavior of a viscous damper in order to
corroborate the model. It is, however, worth noting that a linear viscous damper can

accurately represent the effects of the extraction of kinetic energy from an energy
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harvester’s seismic mass for transducer technologies that do not have a linear relationship
between velocity and force, even in nonlinear systems [1], as discussed in Chapter 2.
Freedom in the choice of transducer notwithstanding, electromagnetic transducers do
exhibit a transducer force (torque) that is approximately, and sometimes exactly,
proportional to velocity (angular velocity) in the case of a purely resistive electrical domain
model [2], and are also fairly easy to fabricate by hand in a laboratory setting, making an
electromagnetic transducer an ideal choice for validating the model and experimentally
exploring dynamical behavior. The transducers used in this project are comprised of an
array of permanent magnet pairs of opposing magnetization direction, and an array of
tightly-wound copper coils in a wound/ antiwound configuration wired in series.
Ferromagnetic components fabricated from low carbon ASTM 1008-1010 steel sheet
(referred to as backing iron) were used to concentrate the magnetic field density produced
by the magnet array. Relative motion is induced between the magnets and the coils, and a
time-varying flux linkage results. The voltage VV induced on a single coil of wire is then
governed by Faraday’s Law of induction:

dA

_as 3-1
V=— (3-1)

where dA/dt is the time rate of change of the flux linkage.

With a transducer selected, an appropriate rotor structure must be decided that can
conform to the geometry of the electromagnetic transducer. Devices were designed under
the general assumption that additional rotor mass and eccentricity (length from the rotating
center to the center of mass of the rotor) will generally result in more power output,

provided sufficient levels of electrical damping are present — a claim that is explored in



45

greater detail in Chapter 4. To this end, parts for the rotor were developed with features
designed to accentuate eccentricity, and dense brass (density p ~ 8.7 g cm®) and highly
dense tungsten (density p = 19 g cm®) materials were leveraged wherever possible to
improve the inertial properties.

Finally, commercial off-the-shelf clock hairsprings were used in earlier generations
of the prototypes to experimentally confirm the relationship between spring stiffness and
power output predicted by the mathematical model. As the total volumes of the prototype
devices were reduced to something more appropriate for a commercially viable product,

the integration of custom torsional springs into the designs became necessary.

3.1.1 Modeling

In order to use the mathematical model to make predictions about real prototypes,
data must be collected from the prototypes in order to populate the values of all parameters
in (2-3).

Mass, eccentricity, and inertia about the rotating assembly’s (i.e., rotor’s) center of
gravity were determined using the Mass Properties tool in the SolidWorks Computer Aided
Design (CAD) software in which the prototypes were designed. Predictions from the
software were vetted by checking measurements of the mass (the only directly-measurable
property) of each component against the software prediction, which were always in good
agreement. However, real prototypes always differ from their CAD representations due to
natural variations in the geometry and material of each component (and their assemblies)
within the prescribed tolerance band; this represents a source of error in the values of the

parameters that contributes to error in power output predictions from the model.
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Measurements for viscous damping coefficients require significantly more effort to
obtain, as this property is not directly measurable and varies significantly from device to
device due to minute differences in each assembly. To measure mechanical damping, a
linear viscous model for friction is assumed, which allows for the use of the well-known
logarithmic decrement method. The logarithmic decrement § is defined using the ratio
between any two successive peaks for an exponentially-decreasing periodic solution x(t)
and is given as

x(t)

n x(t +nT) (3-2)

1
6 =-1
n

where n € Z is the number of successive, positive peaks, and T is the period. The

mechanical damping ratio may then be found by

_ 1
Pm = 2y (3-3)

1+ (5

To compute the mechanical damping for the unsprung rotor, the rotor is suspended

such that gravitational acceleration acts on the rotor, as it would a pendulum, and data from
the small-angle oscillations are retained for the calculation of the damping. To avoid
unnecessarily confounding the result with the nonlinear effect of gravity on the rotor, all
sprung rotor prototypes were tested on a flat tabletop. For both types of device, a small pin
was attached to the rotor and an angular dial was used to measure the angle of the rotor
(Figure 3-1). The rotor was given a small initial displacement and the resultant oscillation
was recorded in a video, with the numerical decay envelope data transcribed from the video

for use in (3-3).
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Figure 3-1 — Experimental setup for the measurement of damping ratios

The total damping, defined as the sum of the mechanical and electrical damping,
was found using a similar method. A resistive load was connected to the transducer to allow
for the dissipation of energy across the load, and the total damping was measured in an
identical manner as with the mechanical damping alone. To extract the electrical damping
ratio, the mechanical damping ratio is simply subtracted from the total damping ratio.

Obviously, electrical damping cannot be estimated using the aforementioned
procedure during the design process, unlike the inertial properties, which are estimated via
software. Since the electrical damping parameter is a critical design variable, it was useful
to devise a method for estimating the total electrical damping of the device before
committing to a design. To this end, for any proposed magnet array and coil array geometry,
COMSOL Multiphysics finite element analysis software was used to perform static
electromagnetic simulations of the magnetic field produced by the permanent magnet array

in the transducer. To estimate the flux linkage, circular surfaces of various radii,
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representing coil turns, were used in the calculation of a surface integral of the component
of the magnetic field density vector normal to the surface at various angular positions of
the rotor (Figure 3-2). A table of the total flux vs. coil radius and rotor position could then
be constructed from the integration data. A circular geometry is assumed for each coil turn
such that, for a given coil geometry and magnet wire gauge, the total number of turns and
the geometry of each turn can be estimated and, by interpolating the table of integration
data, the flux contribution of each turn in a coil is found. The sum of all flux contributions
from all turns in all coils gives the total flux linkage A expressed as a function of the rotor
angle ¢. From (3-1), the output voltage of the transducer is then related to the rotor
kinematics by

_dA_did¢ da

== (3-4)
dt dpdt do

where dA/d¢ is the rate of change of the total flux linkage with respect to the rotor angle.
Finally, a purely resistive lumped parameter model of the electrical domain is assumed,
composed of transducer voltage I/, coil resistance R., and load resistance R; elements
connected in series. Using this model, a relationship between transducer-induced torque ©

and rotor velocity is given by

2

() (35)
r= b = b))

where the electrical damping coefficient b, = b, (¢p) may be averaged over ¢ for a linear

constant of proportionality, or used directly in the model.
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Figure 3-2 — Screenshot of software used for flux linkage estimation. The circular surface
(red) was used to compute flux linkage for a coil turn using a COMSOL finite element
magnetic field solution

3.2 Prototype Iterations
Early prototypes were designed primarily to demonstrate the validity of the
mathematical modeling and to experiment with rotor geometries. As the iterations
continued, the primary goal became a demonstration of a compact device capable of
achieving a relatively high power density that also allows for a more seamless transition

to a commercial product. A short description of each generation now follows.

3.2.1 First Generation
With the primary goal of determining the validity of the mathematical model, a
simple, open structure was chosen for the first-generation prototype. An array of cylindrical
N52 grade neodymium magnets housed in a brass rotor structure supported by ball bearings

was sandwiched between two arrays of wound AWG 44 enameled copper coils and two
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backing iron components. A torsional spring acting between the housing and the rotor shaft
on the top of the device provided the desired restoring torque. A tungsten eccentric mass
served to increase the total rotor mass and eccentricity. The overall structure is presented
in Figure 3-3.

The simple structure chosen for the first-generation prototype had many drawbacks
that precluded the collection of much of the desired data. Because the magnet array lies
between two layers of ferromagnetic backing iron material, attractive forces from the
permanent magnets cause significant axial loads to develop in the bearings, inducing a
large amount of friction. Even if the load had been supported by, for example, an
appropriately designed thrust bearing, the design would still likely suffer from significant
parasitic losses due to the formation of eddy currents in the backing iron material as the

magnet array moved relative to the housing.

Housing Base

Tungsten Mass

Figure 3-3 — Exploded view of first-generation prototype
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3.2.2 Second Generation

The second-generation prototype design sought to remedy the axial load issues
observed in the first-generation prototype. Instead of directing the load through the rolling
elements of the bearings, the attractive force between the magnets and backing iron
components is supported by a solid brass rotor structure; this design choice effectively
results in a two-part rotor with a split tungsten eccentric mass, with a Printed Circuit Board
(PCB), which carries the coil array, lying between each rotor half (Figure 3-4).

Many experiments were carried out using prototypes from the second-generation
design; the rotational prototype data presented in Chapter 2 were collected entirely from
prototypes of this generation, as were much of the data collected during extensive human

subject experiments. A completed second-generation prototype is shown in Figure 3-5.

PCB Magnets

Housing Base

Tungsten Mass

Figure 3-4 — Exploded view of second-generation prototype
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Figure 3-5 — A second-generation prototype

3.2.3 Third Generation

Following the success of the second-generation prototype in corroborating the
model, the focus of the third-generation prototypes turned to improving inertial properties
and making better use of the design volume. To achieve this, the PCB no longer splits the
rotor into two components, allowing for a single piece of tungsten for increased rotor mass
and eccentricity. The torsional spring is placed in the top of the device with a custom spring
retainer for easier installation and removal. The third-generation prototypes were also the
first to introduce custom annular segment neodymium magnets which, according to
COMSOL simulations, increase total flux linkage slightly and have the added benefit of
not requiring interstitial material to retain the magnets in the desired array configuration.
The overall structure is presented in Figure 3-6.

The third generation of prototypes also represents the only generation with several
subiterations within the generation, which varied from the original (3.0) design by
components as trivial as electrical connectors (3.1) for easier data collection to massive
overhauls in packaging and the introduction of custom, internally-nested torsional springs

(3.2, 3.3) as well as scaled internal rotor components (3.4). The fundamental rotor structure
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Tungsten Mass

Backing Iron

Figure 3-6 — Exploded view of the third-generation (3.1) prototype

— one that wraps around a central PCB so as to not split the tungsten eccentric mass —
characterizes the third-generation prototypes, and thus remains the same throughout all of
the subiterations; see Figure 3-7 for a section view illustrating this rotor design using a 3.3
device as an example.

The total volume of the first design (generation 3.0) and first subiteration (3.1)
within the third generation of prototypes remained largely the same: approximately 20
cmd. Beginning with generation 3.2, the design goal was to shrink the overall device
volume by minimizing and reconfiguring the packaging. Generation 3.2 achieved a total
package volume of 6.5 cm? by reducing the overall packaging and internally nesting the
torsional spring, and 3.3 achieved a total of 5.6 cm? by additionally reducing the thickness
of the housing base — this was all accomplished without any significant changes to the
internal rotor structure, and thus no significant change in power output. In an effort to push

the limit of the third-generation design, generation 3.4 was designed with a total package
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Backing Iron

Figure 3-7 — Section view of third-generation (3.3) prototype rotor structure with reduced
packaging volume and custom torsional spring

volume of approximately 2 cm?, although this was achieved by reducing the size of the
rotor at the expense of power output. See Figure 3-8 for a comparison of some of the third-

generation prototypes.

3.2.4 Fourth Generation

A more ambitious internal structure was proposed for the fourth-generation
prototype in order to maximize power density in an attempt to meet a target of approaching
the third-generation power performance in a total device volume of 2 cm®. To achieve this,
the PCB, which supports the coil array, now comprises the majority of the rotating
assembly, which allows for backing iron components to serve the dual purpose of providing
most of the exterior packaging in addition to directing more of the magnetic field through
the coil turns (Figure 3-9).

To create a closed electrical circuit for the coil array, current from one terminal of
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Figure 3-8 — Selection of third-generation prototypes. From left to right: 3.0, 3.1, 3.2, 3.4

Housing Base

Spring
Backing Iron

Backing Iron

Support Ring

Tungsten Mass
Magnets

Figure 3-9 — Exploded view of fourth-generation prototype
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the coil array is passed through the rolling elements of the ball bearings to the housing
base, which requires the use of a carbon-impregnated, electrically conductive lubricant to
maintain continuity. A path for conduction to the backing iron component opposite to the
housing base is made by virtue of the torsional spring. The result is a device with terminals
formed by the electrically conductive upper and lower portions of the packaging in the
spirit of a button cell battery. A completed fourth-generation prototype is shown in Figure

3-10.

3.3 Prototype Results
A summary of the most important prototype test results using a benchtop excitation,
as well as excitation from real human subjects during locomotion, are presented here. The
primary conclusion from the data is evident: the addition of a torsional spring to eccentric
rotor devices allows for a substantial increase in harvester power, as predicted by the

mathematical model.

| 28 mm |

Figure 3-10 — A fourth-generation prototype
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3.3.1 Swing Arm Test Results

A simple, repeatable benchtop signal that is not far removed from the excitation to
which a wrist-worn harvester would be subjected during typical walking motions was
desired in order to corroborate the mathematical model and benchmark prototype
performance; an excitation derived from the motion of a driven pendulum, herein referred
to as swing arm excitation for its crude resemblance to arm motion during walking, was
proposed to fulfill this purpose.

To create the swing arm excitation, a 0.5 m aluminum pendulum is driven by a
stepper motor affixed to an optical table. The prototype device is fixed to the dorsal end of
the pendulum and connected to a data acquisition system to measure transducer output
(Figure 3-11). Four frequencies, selected to be representative of low- and high-frequency
arm swing during walking, of 0.8 Hz, 0.91 Hz, 1.1 Hz, and 1.25 Hz were used for testing
purposes, with swing arm amplitudes of 12.5°, 18°, and 25°.

To determine the relationship between power output and torsional spring stiffness
for a given prototype, the mathematical model is solved using a swing arm input excitation
for a series of spring stiffness values, and the average power during steady-state operation
is recorded. The predictions of the model were then validated by installing a series of off-
the-shelf clock hairsprings of various torsional spring stiffness values into the second-
generation prototype devices. Because only a finite number of devices were fabricated,
this required the installation, and removal, of many springs in a single prototype build. As
a consequence of the small variations in the springs used, as well as the idiosyncrasies of
each assembly after every spring installation, the degree of mechanical damping varied

significantly between spring stiffness values, even for the same prototype build. This
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Data Acquisition Hardware

Prototype

Figure 3-11 — Swing arm benchtop excitation setup

variation in the level of friction almost certainly contributes a significant amount to the
varying degree of agreement with the mathematical model each spring stiffness value
attains.

The results of the swing arm tests using the second-generation prototype builds are
shown graphically in the plots of Figures 3-12 through 3-15. Note that the unsprung rotor
output corresponds to the far left of the power vs. spring stiffness plot, at an abscissa of
zero.

The theme of both the simulated and measured data presented in Figures 3-12
through 3-15 is clear: the addition of a spring can greatly enhance power output under
swing arm excitation. With the exception of some points — especially for the lowest-energy
excitations, where rotor amplitude is low and coulomb friction effects may be more
significant than viscous effects — the experimental data generally agree well with the

predictions made by the mathematical model. However, some of the highest power points
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in the simulation were not captured by any experimental data; confirming the existence of
some of the highest-power points in the simulation is desirable to ensure that these points
are not a byproduct of a poor model or related to issues in the numerical solution of the
model.

The form of the curves of Figures 3-12 through 3-15 requires some remarks. Notice
that there often appear two, distinct peaks in the power vs. spring stiffness plots. In
examining the numerical solutions that correspond to points on each peak, it becomes clear
that each peak represents a mode of oscillation; for the first peak, oscillations occur in
which the rotor stays on a single side of the device. For the second peak, the rotor oscillates
from one side of the device to the other, generally resulting in large displacements and
thus more power output. This behavior is reminiscent of another system: the forced Duffing
oscillator with a bistable nonlinearity. Intrawell and interwell oscillations are analogous to

the single-sided and double-sided sprung eccentric rotor modes of oscillation and, in
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Figure 3-12 — Measured vs. simulated power output for second-generation prototype
using lowest frequency (0.8 Hz) swing arm excitation
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Figure 3-13 — Measured vs. simulated power output for second-generation prototype
using second lowest frequency (0.91 Hz) swing arm excitation
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Figure 3-14 — Measured vs. simulated power output for second-generation prototype
using second highest frequency (1.1 Hz) swing arm excitation
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Figure 3-15 — Measured vs. simulated power output for second-generation prototype
using highest frequency (1.25 Hz) swing arm excitation

addition, the Duffing oscillator can exhibit chaotic behavior at the point of transition
between intrawell and interwell oscillations [3, p. 84]; if this analogy is permitted to extend
to the eccentric rotor system, then this may also explain the bizarre behavior — and difficulty
of empirically corroborating the simulated power output points — between the two peaks in
the power vs. spring stiffness plots.

The results of the swing arm tests using the third-generation (specifically, the first
design of the third generation, 3.0) prototype builds are shown graphically in the plots of
Figures 3-16 through 3-19. Notice that far fewer spring stiffness values were tested than in
the second-generation prototype.

The message of the data presented in Figures 3-16 through 3-19 for the third-
generation (3.0) prototypes remains largely the same as with the second-generation: the

addition of a torsional spring to the eccentric rotor architecture can improve power output
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Figure 3-16 — Measured vs. simulated power output for third-generation (3.0) prototype
using lowest frequency (0.8 Hz) swing arm excitation
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Figure 3-17 — Measured vs. simulated power output for third-generation (3.0) prototype
using second lowest frequency (0.91 Hz) swing arm excitation
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Figure 3-18 — Measured vs. simulated power output for third-generation (3.0) prototype
using second highest frequency (1.1 Hz) swing arm excitation
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over an unsprung counterpart, as predicted by the model. However, there were two major
concerns with the data. First, in the case of the highest frequency swing arm excitation only,
no empirical data points were observed that exceeded the unsprung device’s power output
— although it is worth noting that this result was predicted by the model, and appears to be
explained by a lack of test points at a sufficiently high spring stiffness value (refer again
to, for example, Figure 3-19). Secondly, certain spring stiffness values exhibited a
concerning degree of disagreement with the model, and specific reasons as to why were
difficult to ascertain. Consequently, continued investigation of the power vs. spring
stiffness curve was warranted, and carried out using a subiteration in the third generation
of prototypes.

The second subiteration of the third-generation prototypes (3.2) introduced custom
torsional springs into a more compact design; this additional design complication, in
conjunction with a desire to address concerns with the data collected using the original
third-generation prototype (3.0) design, provided justification to continue to seek data to
strengthen confidence in the power vs. spring stiffness curves predicted by the
mathematical model. The results of the swing arm tests are summarized in Figures 3-20
through 3-23. Long lead times and significant deviation from the nominal spring stiffness
values requested from the manufacturer made validation of the power vs. spring stiffness
curve with many evenly distributed spring stiffness values difficult to accomplish.

In spite of the difficulties obtaining custom springs with accurate stiffness values,
the presence of some of the highest-power points in the power vs. spring stiffness curve
was demonstrated experimentally, as evidenced in the plots of Figures 3-20 through 3-23,

confirming their existence and yielding a device with exceptionally high power output in a



65

Power vs Spring Stiffness w=0.8Hz/T=1.25s)

45
Simulation, +25° angle
40 + Simulation, +18° angle .
Simulation, +12.5° angle
35| O Measured, +25° angle
+ Measured, +£18° angle
Measured, +12.5° angle
30 J
S \
X251 o J
=
s
3 20 1
o
15 J

15 2.5 3.5
Spring Stiffness [N*m/rad] x10™

Figure 3-20 — Measured vs. simulated power output for third-generation (3.2) prototype
using lowest frequency (0.8 Hz) swing arm excitation
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Figure 3-21 — Measured vs. simulated power output for third-generation (3.2) prototype
using second lowest frequency (0.91 Hz) swing arm excitation
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Figure 3-22 — Measured vs. simulated power output for third-generation (3.2) prototype
using second highest frequency (1.1 Hz) swing arm excitation
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relatively small package volume.

3.3.2 Human Subject Test Results

Although the benchtop swing arm excitation provides a repeatable input useful for
empirically validating models and gauging prototype performance, it is still far removed
from the excitation experienced by a harvester worn on the wrist during walking; the use
case for wrist-worn energy harvesters thus demands empirical testing on human subjects
that serves as the ultimate benchmark for harvester performance. An experimental
procedure involving subjects is complicated by the normal variation in gait — and, perhaps
most importantly, arm swing — that is observed during locomotion in humans [4], and it is
therefore additionally necessary to control the conditions under which a subject walks as
much as possible. In spite of putting controls in place, the variations in gait from subject to
subject have a major impact on the performance of a prototype, as will be shown later in
this section.

The human subject experiments were carried out for the second- and third-
generation (3.0) prototype devices using a treadmill to control the speed. Three treadmill
belt speeds of 2.5 mph, 3.5 mph, and 5.5 mph were selected, which loosely correspond to
a casual walk, a brisk walk, and light jogging — however, the point of transition between
different types of gait correlates with the height of the subject and along with the speed [5]
and power output results would perhaps be more consistent if future tests used a
dimensionless speed, such as body lengths per second, instead of a fixed speed. A spring
stiffness of 1.05-10“ N-m-rad-* was used in the second-generation sprung prototype for the

entirety of the human subject tests, and a stiffness of 1.15-10* N-m-rad* was used in the
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sprung third-generation prototype; the choice of spring stiffness was motivated by a
combination of some preliminary results collected from human subjects and promising
simulated power outputs using real excitation as input.

A new population of human subjects (n = 10) was used to test each prototype
generation. The both sprung and unsprung versions of the prototype device to be tested
were affixed to the wrist of the subject, along with Shimmer3 Consensys Inertial
Measurement Unit (IMU) devices, which record both the voltage output of the prototypes
across a resistive load using analog-to-digital converters while simultaneously recording
linear accelerations in three dimensions and rotation rates about the basis vectors (Figure
3-24). Subjects were asked to walk on the treadmill for 1 minute at the desired speed, and
this process was repeated for every treadmill belt speed used in the study.

Power was computed using the voltage waveform across a resistive load beginning
10 seconds after the subject achieved the desired walking speed in an effort to reduce the
effects that initial rotor conditions may have on steady-state power output. The prototype
was simulated using the IMU data collected during the experiment as input to the model,

and the first 10 seconds of the rotor solution were neglected in the power calculation

Figure 3-24 — Experimental setup on subject’s wrist for human walking tests
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in order to better reflect the real power measurement procedure.

The results of the human subject experiments for the second-generation prototype
are displayed graphically in Figures 3-25 through 3-27.

The results presented in Figures 3-25 through 3-27 clearly indicate that the addition
of a torsional spring can greatly improve the power output of an eccentric rotor device for
walking excitation. For the 5.5 mph treadmill belt speed (Figure 3-27), the addition of a
spring does not have a large impact on the power output; this is most likely explained by
the transition from walking to jogging that was observed for most subjects between 3.5
mph and 5.5 mph treadmill belt speeds. Both of these trends are captured by the numerical
solution of (2-3) and subsequent power calculation; however, for any particular subject,
there can exist serious disagreement between the measured and simulated power numbers
— although this disagreement is generally reduced with the addition of a torsional spring

and with higher-energy excitation. A summary of all of the human subject tests for the
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mph treadmill belt speed
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second-generation prototypes in which the power output for all subjects has been averaged
across each treadmill belt speed is given in Table 3-1.

Interestingly, although the values of simulated power sometimes exhibit large
disagreement with the measured output when human subject excitation is used as input, the
mean values across subjects for any particular prototype device and treadmill belt speed
agree very closely for all but the highest treadmill belt speed, for which the model routinely
under predicts harvester performance (Table 3-1).

Recall that the derivation of the planar rotor model (2-3) neglects the effect of
rotation rates about directions not normal to the plane, which is why the inertia about the
center of gravity of the rotor is scalar-valued; this appears to be a good assumption for
mildly energetic human motions, like casual walking. However, for fast treadmill belt
speeds (when a transition from a walking gait to a jogging or running gait occurs and arm
motion becomes far more jarring), there is a valid concern that the input from the neglected
rotation rates begins to represent a significant unmodeled effect. Since a consideration of
the extra rotation rates as input to the model would represent a net addition of excitation
to the rotor mass — likely with a commensurate increase in power output — then it is not

unreasonable to speculate that the absence of the additional rotation rates as input to (2-3)

Table 3-1 — Summary of all human subject experiments using second-generation
prototype devices. Power values are averaged over all subjects.

Units: pW Test Subjects 1 (Prototype Generation 2 Human Subject Test)
2.5 miles per hour 3.5 miles per hour 5.5 miles per hour
Device
Measured Simulation Measured Simulation Measured Simulation
Unsprung 2.6 4.6 10.4 11.0 417 363
Sprung 40.0 38.8 69.1 68.7 428 361
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contributes to the routine underprediction of power output at the highest treadmill belt
speed observed in Table 3-1.

The summary in Table 3-1 indicates that the addition of an appropriately selected
torsional spring increased power output by a factor of 20 for 2.5 mph walking speed, and
by a factor of 7 for 3.5 mph walking speed. The addition of the spring does not appear to
have much of an effect for speeds of 5.5 mph, in which most subjects adopted a jogging
instead of walking gait.

The results of the human subject experiments for the third-generation prototype are
displayed graphically in Figures 3-28 through 3-30.

The results presented in Figures 3-28 through 3-30 again indicate that the addition
of a torsional spring can greatly improve the power output of an eccentric rotor device for
walking excitation. As with the second-generation prototypes, the addition of a spring does

not have a large impact on the power output in the case of a treadmill belt speed of 5.5 mph
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Figure 3-28 — Third-generation prototype results from human subject experiments, 2.5
mph treadmill belt speed
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Figure 3-29 — Third-generation prototype results from human subject experiments, 3.5
mph treadmill belt speed
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Figure 3-30 — Third-generation prototype results from human subject experiments, 5.5
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where subjects are likely jogging (Figure 3-30). A summary of all of the human subject
tests for the third-generation prototypes in which the power output for all subjects has been
averaged across each treadmill belt speed is given in Table 3-2.

As with the human subject test with the second-generation prototypes, the mean
values of power output for the third-generation prototype devices across subjects for a
given treadmill belt speed agree very closely for all but the highest treadmill belt speed, for
which the model routinely under predicts harvester performance (Table 3-2).

Also, as with the second-generation prototypes, Table 3-2 shows that in the case of
the third-generation prototypes, the addition of a torsional spring can greatly enhance
power output under 2.5 mph and 3.5 mph walking excitations and has no significant impact

on power output for the excitation at 5.5 mph.

3.4 Conclusions
The addition of a torsional spring with appropriate spring constant can greatly
enhance the power output of eccentric rotor energy harvesters when swing-arm excitation
is considered. The enhancement in power output appears to be due to the development of

a bistable potential caused by a combination of gravitational and spring effects on the rotor.

Table 3-2 — Summary of all human subject experiments using third-generation prototype
devices. Power values are averaged over all subjects

Units: pW Test Subjects 2 (Prototype Generation 3 Human Subject Test)
2.5 miles per hour 3.5 miles per hour 5.5 miles per hour
Device
Measured Simulation Measured Simulation Measured Simulation
Unsprung 4.7 5.5 7.1 11.6 473 418
Sprung 224 17.1 40.9 38.2 472 343
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By selecting an optimal spring constant, power output is increased many times over that of
the unsprung rotor with the same excitation. This behavior is predicted by the model, and
experimental data generally conform to the model predictions well.

The addition of a torsional spring with appropriate spring constant can also greatly
enhance the power output of wrist-worn eccentric rotor energy harvesters when real human
walking excitation is considered. This effect was predicted by the model and demonstrated
experimentally. The experimental data for the population under consideration for a
particular excitation agree well with the model predictions for the population for 2.5 mph
and 3.5 mph walking speeds, although the model generally underpredicts device
performance for the 5.5 mph treadmill belt speed.

Before concluding this chapter, some remarks on the practicality of spring
implementation are warranted. The spring improves power output only when installed such
that the restoring torque resists the effects of gravitational acceleration, and simulations
predict that power output is reduced below that of the unsprung eccentric rotor if the
opposite orientation is employed. This represents a major drawback of the sprung eccentric
rotor in a consumer product, as the orientation in which the product is used has a major
impact on device performance. Potential strategies to address this limitation include user
or retailer device setup and education prior to product use (to ensure correct harvester
orientation on the wrist), or left- and right-handed product versions that encourage use in
the correct orientation; of course, these are admittedly clumsy remedies, and the simplicity
of the orientation-independent unsprung rotational harvester makes it an attractive

alternative to its sprung counterpart, in spite of its generally lower power output.
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CHAPTER 4

ON THE DYNAMICS OF WRIST-WORN ECCENTRIC

ROTOR ENERGY HARVESTERS

This chapter concerns the steady state dynamics of eccentric rotor harvesters under
the excitation of a forced pendulum, selected as a simplified representation of the swinging
motion of the human arm during locomotion, to better understand their use for wrist-worn
energy harvesting applications. A linearized model predicts the behavior of non-resonant
eccentric rotor devices well and provides insight into the relationship between the rotor
natural frequency and transducer-imposed electrical damping. Approximate analytical
solutions are obtained via perturbation methods that show that the eccentric rotor shares
many characteristics of a Duffing oscillator with softening spring nonlinearity. Finally, an
interesting property of the eccentric rotor’s dynamics — namely, invariance of power output
to changes in forcing frequency and amplitude over certain ranges of design parameters —
is exploited to propose a novel resonant eccentric rotor harvester with a wideband power

output response.

4.1 Introduction
Eccentric rotors have maintained a position of particular interest in the literature as

a choice of inertial mass architecture for wrist-worn vibration energy harvesting
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applications [1]-[7], and this harvester architecture even appears in consumer products
designed to scavenge energy from the motion of the body [8], [9]. These asymmetric,
rotational, inertial vibration energy harvesters exhibit several desirable properties for a
wrist-worn application, including sensitivity to both rotational and translational motion [1],
a lack of hard displacement limits, and a watch-like form factor.

In spite of its popularity as an alternative to more traditional, translational harvester
architectures for body-worn applications, surprisingly little has been published on the
complex dynamics that these devices exhibit. Although mathematical models have been
proposed to describe these devices, their use has been limited primarily to the assistance of
design by virtue of numerical investigation of the effects of dimensioned design parameters
on power output. Much has been published on forced and parametrically excited pendula
in the mathematics and dynamics literature, with [10]-[13] representing only a minute
sample of such work, but, to the authors’ knowledge, no such publications exist that study
the nonlinear model of an eccentric rotor harvester, such as that derived in [14], for the
purpose of better understanding the relationship between design parameters and power
output.

Some authors have suggested [1], [2], [15], [16] that the dynamic magnification
that resonance can provide is either infeasible or impossible to achieve for applications on
the human body due to either the low-frequency, high-amplitude nature of human motion,
device size constraints, or both. It is perhaps due to the prevalence of this belief that non-
resonant designs dominate the eccentric rotor harvesters proposed in the literature; this
work also serves as a point refutation for this assertion, as the dynamical analysis presented

herein suggests that a wideband, resonant eccentric rotor harvester may indeed perform



79

well in a wrist-worn application.

This work begins by a deriving a nondimensionalized unsprung eccentric rotor
model, beginning with a dimensioned nonlinear model that has been derived and
empirically validated elsewhere [14]. A dimensionless power output equation and the input
excitation functions of interest are also derived. A linearized model is derived to obtain a
closed-form, analytical power output equation, which is useful for understanding how
design parameters impact device performance; this equation is contrasted with its well-
known translational energy harvester counterpart and is followed by a brief demonstration
of the linear model’s validity for non-resonant eccentric rotor harvesters. The limitations
of the linear model are then examined, followed by an analysis of the nonlinear dynamics
using both numerical and approximate analytical methods. The nonlinear analysis shows
that the eccentric rotor system shares many features in common with a Duffing oscillator
with softening spring nonlinearity and that the primary resonance is a particularly attractive
point around which to base a harvester design. The manuscript concludes with a proposal
for a novel, resonant eccentric rotor harvester for wrist-worn application, which is

compared with a non-resonant design via simulation.

4.2 System Model
A planar model that governs the dynamics of an eccentric rotor harvester has been

derived and experimentally corroborated in [14] and is given by
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. by+b, . mi
¢+mlz +Ig¢ +mlz + 1 ay(t) cos ¢
(4-1)
. k s ..
T O g + (¢-5)+d@® =0

where ¢ is the displacement of the eccentric rotor relative to the harvester housing
coordinate frame, b, and b,,, are the electrical and mechanical linear viscous damping
coefficients, respectively, m is the mass of the rotor, [ is the distance from the rotating
center to the rotor’s center of gravity, I, is the inertia of the rotor about its own center of
gravity, k is the torsional spring stiffness, a,(t) and a,(t) are the input linear
accelerations of the harvester housing (which typically include gravitational acceleration)
in the y- and x-directions, respectively, 6(t) is the input angular acceleration of the
housing, and overdots represent differentiation with respect to time (Figure 4-1).

The parameters b,, m, I, I, and k in (4-1) are treated as design variables, selected

» =

A

Y,

» X

Figure 4-1 — Schematic of planar rotor model. Torsional spring not shown.
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by the designer of the harvester. Although the designer may have some control over the
degree of loss, determined by b,,,, this parameter is not treated as a design variable and is
instead given. Also note that the variables m, [, and I, are not truly free parameters to be
selected, as they are constrained by the choice of rotor geometry, which must be physically
realizable for any practical implementation of a design.

Notice that (4-1) has been put in monic form and is therefore well-defined only

when the total rotational inertia about the center of rotation ml? + I, # 0. Furthermore, to

make (4-1) physically meaningful, it is assumed that b, by, m, l, I, and k are
nonnegative. As this paper is concerned with the dynamics of the eccentric rotor harvester
without a torsional spring, only the case of the unsprung rotor (k = 0) will be considered
hereafter.

By defining the effective length of the eccentric mass as l s = (ml2 + Ig)/(ml),

and letting k = 0, (4-1) may be rewritten more compactly as

mlz +Ig leff leff

b, +b, . a,(t a,(t ..
L. () 0s ¢ "()sin¢+9(t)=o (4-2)
To ensure that l,zr is well-defined, assume m,l > 0. Finally, (4-2) can be
represented in an alternative coordinate frame that will be the focus of the remainder of
this paper (Figure 4-2). Lety = ¢ + ™ /,. Equation (4-2) becomes

be + by . a,(t)
(0]

sy + ay(t) siny +6(t) =0 (4-3)
ml? +Igy leff 4 4 B

lesy

y+

Let y,(t) represent the time derivative of any solution to (4-3). The focus of this

paper is (4-3) subject to periodic forcing and, particularly, the behavior of the time
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(a) (b)
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Eccentric rotor

O ----H->-

-=>x -=>X

/ Eccentric rotor

Figure 4-2 — Schematic of (a) the ¢-coordinate frame used in (4-1) and (4-2), and (b) the
y-coordinate frame used in (4-3)

derivative of solutions after much time has passed; in other words, the steady state behavior.
With this focus in mind, it is assumed that, after a long time, y,(t) converges to a periodic

solution y(t); that is
lim yo(t) = y(®) =yt +T)

where lim,, is the w-limit set and T is a period. Note that the assumption that steady state
is achieved neglects the possibility of long-term, aperiodic or chaotic behavior. The power
output of an eccentric rotor device modeled using (4-3) is found by computing the power
dissipated by the “electrical damper,” a linear viscous rotational damper with damping
coefficient b,. The average power dissipated by this damper over a period of y, and
therefore the steady state power output, is

T
b
P=— f y2dt (4-4)
T

0
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4.2.1 Swing Arm Kinematics

In this study, the arm motion of humans during walking is modeled using the
kinematics of a driven pendulum, with the resultant excitation at the distal end of the
pendulum hereafter referred to as swing arm excitation (Figure 4-3). Although this
represents a major simplification in excitation for the purpose of analysis, actual human
arm swing during locomotion shares several characteristics in common with the motion of
a simple pendulum [17], [18] and therefore makes for an appropriate first-order
approximation of the excitation of interest.

The tangential component of acceleration induced by the swing arm motion is given

by:

d . ..
a. = E(larmg) = larmg

_/

arm

IY y
X a,

Figure 4-3 — Schematic of the swing arm. Coordinate frames are consistent with those of
Figure 4-1.
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where 1, IS the length of the swing arm, 6 is the angular displacement of the swing arm,
and overdots represent differentiation with respect to time. Similarly, the normal

component of acceleration induced by the swing arm motion is given by:

(larmé)z

larm

— — )2
an = - larmg

Rather than consider a downward gravitational force acting on the eccentric mass
directly, instead consider gravity as an effective acceleration of the housing reference frame
(the xy-coordinate frame in Figure 4-3)

The swing arm excitation is derived from the kinematics of a harmonically-driven

pendulum. Consider:

6(t) = —w?0,,4, sin wt (4-5)

The total acceleration in the x-direction is then

Xtotal = 9 sinf + larmg

= g Sin(Bqx SIN W) + Ly (—0% 0,45 SiN wt)

and the total acceleration in the y-direction is

Ytotal = g COS 0+ larmg2

= g c0S(Omqy SiN W) + Lgrm (WO qy COS wt)?

Note that it is assumed that g, l ;m, Omax, @ = 0.
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4.2.2 Approximation of Kinematic Functions
Assuming small angles for 6,,,, allows for considerable simplification of the

expression for total acceleration in the x-direction:

~ _ AR
Xtotal = Hmax(g larmw )Sln wt

Similarly, the small-angle approximation can reduce the complexity of the

expression for total acceleration in the y-direction:

02 ., sin® wt
Yiotat ® 9 (1 —— 2 + Hrznaxlarmw2 COSZ wt

02 02 il gymw? 62
~g (1 - ";ax> 4+ = ;rm + ";x (g + larma)z) cos 2wt

Denoting the average over one swing arm period 2/ w as (-), let

2

62 62 1. . w
o) St

Finally, let

X = Hmax(larm(‘)2 - g)
g
y = Hrznax (E + larmwz)
Note that x and y (not to be confused with the x- and y-basis vectors for the
housing coordinate frame) have dimension of acceleration. The approximate acceleration

functions a,(t) and a,,(t) for swing arm excitation may now be expressed compactly as
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a,(t) = —x sin wt (4-6)

a,(t) =y + ycos2wt (4-7)

4.2.3 Kinematic Analysis
It is clear from the definition of the amplitude of the x -acceleration, x =

Omax Larmw? — g), that the total x-acceleration vanishes when

g

larm

w =

which is the (linearized) natural frequency, sometimes referred to as the natural pendular
frequency, of the swing arm. At slow walking speeds, fewer muscle contractions occur at
the shoulder to produce additional acceleration beyond that due to gravity alone, which
means that the arm will tend to oscillate close to its natural pendular frequency [18]; this
presents a major challenge in harvesting energy at the wrist during casual locomotion, since
the true x-accelerations at the wrist are expected to all but disappear when the arm

oscillates near its natural frequency.

4.2.4 Nondimensionalization
Consider (4-3) subject to the swing arm excitation functions given by (4-5), (4-6),

and (4-7):
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b, + by, .

. y ] X
T s(1 —) 2wt — wi— t
y+m12+lgy+w0< +}_] cos Zwtsiny mo}_]smw cosy

(4-8)

= 0?%0,,4, Sin wt

where wy = /y/l.rf is taken to be the natural frequency of the rotor. To reduce the
number of parameters under consideration to only those that are essential, (4-8) may be

nondimensionalized by introducing the following normalized variables: time 7 = w,t,

electrical  damping ﬁezbe/(ZwO(mlz+Ig)) ., mechanical damping B, =

bm/(Za)O(ml2 + Ig)), frequency ratio Q = w/w,, y-acceleration amplitude 4, = y/5y,

and x-acceleration amplitude A,, = x/y. Equation (4-8) may now be written as

v"'+2B. + By + (1 + A, cos Z.QT) siny — A, sinQtcosy
(4-9)
= 020,,4, Sin Q7
where the prime denotes differentiation with respect to dimensionless time z.
It is desired to find a dimensionless analogue to the dimensioned power (4-4) that
can be scaled back to the dimensioned power by virtue of variables independent of

dimensionless design parameters. To derive such an expression, it is useful to first define

one last dimensionless parameter, 1 =1/l.;r. Notice that, given the nonnegativity
constraint on m, I, and I, and since 2 = mi2/(mi? + 1,), A is bounded from above by
unity. Given that m,l > 0, the parameter 1 = 1 only when I, = 0, which corresponds to a
rotor geometry described by a point mass m at a distance [ from the rotating center (i.e.,
the eccentric mass acts as a simple pendulum). When 0 < A < 1, the eccentric mass acts

as a compound pendulum. As A becomes small, the eccentric mass becomes less and less
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eccentric, losing all eccentricity when A = 0, at which pointl = 0 and ., is no longer

well-defined. Consequentially, wy = \/5/1, is also not well-defined, and the scale used
to derive (4-9) breaks down. A is, therefore, a geometric parameter describing the
distribution of mass of the rotor, and lies on the interval 0 < A < 1.

Let the dimensionless upper bound on integration be t, = w,T. Beginning with

(4-4)

3 2 fo
2walmlc + 1
= 0( g)ﬁef yrzd,[

To

0
To
2y woml
— y 0 ﬁef y,sz

To
0

To
2ywoml A
— Yy effﬁe f]/lzd’[

To

— zyzmﬁelf ,ZdT
WoTo
0
To
_y’m ZﬁeQ/lf " (4-10)
= dt
w To

Equation (4-10) may be divided into dimensioned and dimensionless components;

analysis is greatly aided by defining a dimensionless power II:

To

28,04
= 2P f y'2dr (4-11)

To
0
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such that the dimensioned power P = y2mlIl/w; stated another way, the dimensioned
power P is normalized by y?m/w to give II, as in [19].

Thus, by (4-11), given the input excitation parameters (A, Ay, Omay) and the
mechanical damping S, the dimensionless power, IT = I1(B,, Q, 1), is determined over a
span of dimensionless time 7, by the three dimensionless design parameters 3., Q, and A
alone. The dimensionless power is scaled to the dimensioned power P by y2m/w, which
is independent of the dimensionless design variables for a fixed excitation. Thus, the
problem of determining the optimal m, [, I;, and b, given an input excitation and degree
of mechanical damping reduces to determining the g,, Q, and A that maximize I1, with m

acting as a scaling factor for the dimensioned power output P.

4.2.5 Excitations
Several fixed excitations, treated as representative of arm swing exhibited over a
range of walking speeds [18], are considered in this work (Table 4-1). With [,,,,, = 0.5m
(an approximation of the mean length from the acromion (shoulder) to the ulnar styloid
process (wrist) in humans [17]), the excitations are fully defined when the swing arm
excitation parameters A, and A, are computed using lg,m, @, and 8,4, according to their

definitions given in the previous subsection.

4.3 Linearized System
An analytical solution to (4-9) is desired in order to better understand the
relationship between the design variables, input excitation, and power; however, due to the

nonlinearity and periodic coefficients present in (4-9), an analytical solution is difficult, if



Table 4-1 — List of excitations and associated parameter values used in this work

Excitation | 0,,,, [deg] w [Hz] 0max [rad] A, A,
EX1 12.5 0.8 0.2182 0.0616 | 0.0418
EX2 12.5 1 0.2182 0.2131 | 0.0577
EX3 12.5 1.25 0.2182 0.4401 | 0.0816
EX4 25 0.8 0.4363 0.1168 | 0.1583
EX5 25 1 0.4363 0.3861 | 0.2090
EX6 25 1.25 0.4363 0.7474 | 0.2771
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not impossible, to obtain. Instead, linearization may provide solutions valid over a
particular regime of operation. Linearization of (4-9) about y = 0 yields the following

linear, inhomogeneous differential equation:

V" +2Be + By’ + (1 + A4y c052Q7)y = (A + Q204,) sin Q1 (4-12)

Equation (4-12) is a forced, damped Mathieu differential equation, for which, once
again, an analytical solution is difficult, if not impossible, to obtain. Since an analytical
solution is desired, consider instead the case where A,, is negligibly small; this assumption
is warranted for most of the excitations listed in Table 4-1. Under this assumption, (4-12)

becomes

V' + 2B + By + v = (Ay + Q%O pay) sin Q1 (4-13)

Equation (4-13) is a linear, inhomogeneous differential equation with constant
coefficients that is easily solvable. As the focus of this work is on the steady state behavior
of the eccentric rotor, only the particular solution to (4-13) is required for analysis. To this
end, the method of undetermined coefficients is employed using the ansatz y(7) =

AcosQt + B sin Qt and solving for A and B. Substitution of y' in (4-11) with 7, =
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woT = 2m/Q (one swing arm cycle) gives the dimensionless power output

271'/Q

CBPA [ BOMA, + 020, 114
== fy = @ -7 + 2B, + )P 1)

0

There are several similarities and differences of note between (4-14) and the well-
known power output equation for translational vibration energy harvesters [20], [21],
provided below for the convenience of the reader

A’m {13

Ptranslational = w (T‘Z _ 1)2 + [2(66 + {m)r]z (4'15)

where A is the input acceleration amplitude, w is the input frequency, m is the seismic
mass, {, and {,,, are the electrical and mechanical damping ratios, respectively, and r is the
ratio of the input frequency to the harvester natural frequency. The leftmost fraction in
(4-15) is similar to the dimensioned factor y2m/w used to scale (4-14), the eccentric rotor
dimensionless power, back to the dimensioned power. The rightmost fraction in (4-15) is
dimensionless, very similar in form to (4-14), and yields several of the same results. For
example, (4-14) exhibits a resonance peak at Q ~ 1 for systems with sufficiently low
damping. Additionally, letting Q = 1 in (4-14) and finding the stationary point on dI1/dp,
gives the optimal electrical damping ratio of g, = B,,, similar to the result found in [19],
[22].

However, there are also major differences between the power output functions in
the eccentric rotor and the translational case. First, there is an additional variable in the
eccentric rotor case, A, which is required since a particular rotor natural frequency can be

achieved in an infinite number of geometric configurations for a given rotor mass m; this
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is unlike the translational case, where a particular natural frequency is uniquely determined
by the choice of linear spring stiffness once the seismic mass has been fixed. Since 1 is
entirely independent of the other dimensionless parameters on the interval 0 < A < 1, itis
clear from the form of (4-14) that the optimal A is 2* = 1 (Figure 4-4).

Secondly, the topology of the power function in the eccentric rotor case and that of
the translational case are different. Assuming a sufficiently low level of damping, the
eccentric rotor case described by (4-14) is characterized by a sharp resonance peak, but
power will also grow without bound as £, 1 = oo, unlike in the analogous translational
case; this is due to the fact that a finite amount of mass may be distributed so as to produce
any arbitrary amount of inertia about the center of rotation (Figure 4-5). Without
constraining the geometry to the practical bounds imposed by a wrist-worn energy
harvester, such solutions cannot be avoided; note that a volumetric constraint on the

geometry is insufficient to preclude such solutions. Note that all excitations in Table 4-1

Power vs Geometry Parameter X vs Electrical Damping

x10° >
1 o /////

0.6

0.4

0.2

= o

Figure 4-4 — Dimensionless power as a function of the geometric parameter A and
electrical damping ratio for excitation EX1.
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Power vs Electrical Damping vs Frequency
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Figure 4-5 — Dimensionless power as a function of electrical damping ratio and frequency
ratio for excitation EX1. Note the sharp resonance peak at 2 = 1, and continued increase
in dimensionless power for large S, and 1.

produced a qualitatively similar plot for sufficiently low levels of damping.

Finally, it should be noted that the interpretation of the frequency ratio in the
rotational case can be substantially different from the translational case. Since the input
frequency w cannot change without a corresponding change in the linear accelerations (and
thus a change in, for example, A,), disparate values of Q for a given excitation, such as
those plotted in Figure 4-5, are achieved by changing the harvester natural frequency, w,,
since Q = w/wy.

Figure 4-5 illuminates an interesting feature of the design of eccentric rotor
harvesters: as the design moves away from Q = 1 (or, phrased differently, as the device
becomes more non-resonant) the electrical damping required for optimal power output
increases. Non-resonant harvesters, therefore, require a relatively high degree of electrical

damping for acceptable performance.
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4.3.1 A Fixed Geometry

The description of a rotor in terms of mass m, eccentric length [, and inertia about
its own center of gravity I, is very general; the rotor could be composed of many complex
solid bodies with varying density or a collection infinitesimally small particles of mass; the
rotor may even be radially symmetric under such a description and therefore not eccentric
at all — although the use of (4-2) and its dimensionless counterpart (4-9) do prohibit this
limiting case. Partially as a consequence of this generality, the power result described by
(4-14) is difficult to interpret with regard to practical design guidance. For example: since
large Q can result in high power output, would it be advisable to modify the geometry of a
rotor in order to reduce the natural frequency of oscillation (increase Q) if this comes at the
cost of reducing A? A question such at this may be answered by constraining the geometry
under consideration, which imposes relationships between the design variables in (4-14),
such as Q and 2.

Consider the choice of a homogeneous cylindrical sector of material density p with
angle a = 21, radius r, and height h for the geometry of an eccentric rotor. This choice of
geometry permits the expression of some design variables in (4-14) in terms of y and r:

8siny

m = phyr? A= N

Additionally, let the total device volume V = mr2h; this is the volume swept by the
cylindrical sector as the rotor coordinate y moves through all points on its configuration
manifold. Using the result from linearization (4-14), the power per unit volume for an

eccentric rotor with cylindrical sector geometry is



95

P y*m _ yip  8B.Q°sin® Y (Ay + Q%O pax)?
Vv N ol @ — 2 + 2B, + B 0]

(4-16)

For a given material density p and input excitation, maximizing mA/V amounts to
maximizing sin? ¥ /4, which occurs at a sector angle of @ = 2y =~ 134°. A plot of power
density vs. frequency vs. electrical damping ratio for a given excitation and mechanical
damping ratio then shares the topology of (4-14) for a given value of A, as in Figure 4-5.
Therefore, constraining the geometry of an eccentric rotor device does not appear to
obviate infinite power density solutions. If the sector angle is fixed to maximize mA/V,
then the only means by which the frequency may change for a given excitation while
preserving the volume is by modifying the thickness of the rotor, which consequentially
changes the rotor radius. To maximize power density, one then either chooses a rotor
thickness and electrical damping ratio that allows for resonance with the input excitation,
or one reduces the thickness indefinitely while simultaneously increasing the electrical
damping so that power grows without bound as S,, 0 — oo; this corresponds to a device of
infinitesimal thickness and infinite radius.

It is possible to express the frequency in terms of the geometric design variables as

well so that the device radius may be constrained:

3Yr

=0 4y siny

Substitution of this result into (4-16) yields a very complex expression for power
density that warrants a brief numerical investigation. Consider a tungsten (p =

19000 kg m~2) cylindrical sector eccentric rotor device with a volume of V = 1¢m?3 and
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thickness 2 mm, requiring a radius r = 12.6 mm. Using a swing arm excitation described
by a swing arm length of [,,,,, = 0.5 m, swing frequency of w = 0.91 Hz, and a swing
amplitude of 6,,,, = 25°, with a device mechanical damping ratio of 5, = 0.0012, a plot
of power vs. sector angle vs. damping ratio may be generated (Figure 4-6).

The power density surface presented in Figure 4-6 now only contains two peaks;
the first, larger peak corresponds to resonance with the swing arm excitation. In order to
achieve resonance, the rotor requires a very large sector angle. The second peak occurs at
a sector angle of a = 3.42 rad =~ 196° and electrical damping ratio 5, = 2.08. This
corresponds to a non-resonant design, and the maximizer agrees with optimization results

for the nonlinear system (4-1) presented in [14] very closely.

Power Density vs Sector Angle vs Electrical Damping
4 ‘ Cr : : ‘ —
/
/// / N
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Figure 4-6 — Contour plot of power density vs. rotor sector angle and electrical damping
ratio under a particular swing arm excitation
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4.4 Nonlinear Dynamical Analysis

To observe the correspondence between the power output of the nonlinear system
and its linearization, consider a plot of dimensionless power IT vs. () for a fixed amount of
damping (B, = 0.02, B,, = 0) and fixed A = 1 in which the linearized system power
output (4-14) is evaluated and the nonlinear system (4-9) is numerically solved for use in
(4-11) over a range of Q values. The result, using EX1 as the input excitation, is shown in
Figure 4-7.

In spite of the mild excitation, it is clear from Figure 4-7 that the linearization fails
to predict the sharp onset of the primary resonance peak for the nonlinear system at Q =
0.8, and consequently overpredicts the power output at the linear resonance of Q ~ 1. The
linearization does not capture the leftward bending of the nonlinear primary resonance at

all. However, it appears that the linearized result agrees closely with the nonlinear system

0.16 T
Linearized System (14)
014 - ® Numerical Solution of (9) & (11) i
0.12 i
0.1r i
= 0.08 - ]
0.06 i
0.04 - i
0.02 - i
0 L 1 | |

0 0.5 1 1.5 2 2.5 3

Figure 4-7 — Numerical vs. analytical (linearization) results for power vs. frequency ratio
using EX1 input
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as long as Q is far from the primary resonance peak. Consider a similar plot to Figure 4-7,
but using the much more vigorous EX5 as the excitation input, shown in Figure 4-8.

As seen in Figure 4-8, the predictive power of the linearization is much worse for
the higher-energy EX5 excitation, which is to be expected due to the small angle
approximation used to derive (4-14), and additional nonlinear behavior is evident. A very
wide, high-power peak now appears near Q0 = 2.5; several scattered, higher-power points
also lie above this peak that are not shown in Figure 4-8 in order to improve the scale of
the plot. Additionally, a sharp peak now clearly appears at Q ~ 1/3, although it should be
noted that this peak is present for all excitations in Table 4-1 — albeit at much smaller
magnitudes under light excitation — which is why this peak cannot be seen with the scale
used in Figure 4-7. These additional peaks are referred to as secondary resonances.

Additional nonlinear behavior can also be observed in Figure 4-8 (for example, near

0.2r Linearized System (14)
® Numerical Solution of (9) & (11)

0.18 1 . J
° .

0.16 [ y

0.14 /

0.12 - il
= l,
0.1r 4 b
0.08 - * |
[_J
0.06 J
0.04 | a .
0.02 A
014 I 1 L L
0 0.5 1 1.5 2 2.5 3
Q

Figure 4-8 — Numerical vs. analytical (linearization) results for power vs. frequency ratio
using EX5 input
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Q =~ 1.5) but are much less consistent between excitations.

In order to develop a theory to explain the nonlinear behavior exhibited by the
eccentric rotor system, approximate solutions are sought using perturbation methods. Note
that all simulations carried out for the remainder of this section will assume S, = 0.02,

fm =0,and A = 1.

4.4.1 System Approximation

Consider the following approximation to (4-9):

1
v+ 2B + By + (1 + A, cos Z.QT) (y — €y3)
(4-17)

1
— A, sinQr (1 - Eyz) = 020,45 Sin Q7

Equation (4-17) is derived by taking the Taylor series of the trigonometric functions
in (4-9) about y = 0 (the Maclaurin series) and retaining the first two nonzero terms in the
series.

The approximate system (4-17) will be used to study (4-9) by employing
perturbation methods. Equation (4-17) may be rewritten as

_ _ _ 1 _
vy ' +y+e [Z(ﬁe + Bm)y’ + A, cos2Qry + EA" sinQry? —y3
(4-18)

+ 0(e?) = FsinQr
where € is a small, but finite, dimensionless quantity that indicates the degree of the
perturbation, and the substitutions B, = €., B = €Bm, A, = €A,, A, = €A, are used to

track parameters that are considered small, and F = A, + Q26,,,,,. Noting that the term
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0(e?) = —e%A,, cos 2Qt 3, itis clear that (4-17) is recovered from (4-18) when e = 1/6,
which will be considered small enough for satisfactory results, similar to [23, pp. 133-134].

One may be concerned that the forcing amplitude F, which is not treated as small,
contains A4,, which is treated as small. However, consider the excitations of Table 4-1; for
some of the excitations, such as EX1, A, is certainly small. For other excitations, such as
EX3, EX5, or EX®6, A, is arguably a large term; for this reason, it may perhaps best be
considered a borderline case. On the other hand, A, /2, which appears in a different role
in a parametric forcing term in (4-17), is a much clearer case of a small term. Additionally,
when Q is small, the Q28,,,,, term in F is very small, which means A, will dominate the
forcing amplitude; if this is ignored, the accuracy of the unperturbed solution will suffer
greatly since it is already clear that (4-13) accurately captures much of the dynamics for
small Q. For this reason, the somewhat unorthodox assumption that A, is large but A, /2
is not will be used in the analysis whenever strong forcing is considered.

A uniform approximate solution to (4-18) is sought in the form
y(T; 6) = VO(TO' T1, Tz, ...) + 6]/1(T0, T1, Tz, ...) + .- (4'19)

where one writes y = y(t; €), with the parameter e separated by a semicolon, since y is a
function of both the independent variable T and parameter €. When ¢ = 0, (4-18) becomes
linear and its solution is denoted y,. Terms in the series in (4-19) of O(e) and higher are
corrections to the terms that come before, called the correction series, with the goal of
additional terms yielding an asymptotic approximation to the solution of (4-18). When one
retains a single term in the correction series — that is, terns up to 0 (e) —then (4-19) is called

a first-order expansion. Because functional dependence of y on t and € is not disjoint — the



101

solution approximation is dependent on the combination of et terms as well as on
individual T and € — the solution may be written as y(t;€) = (1, €1, €21, ...;€) =
7(Ty, Ty, T, ...;€) With Ty = 7, T; = €1, T, = €21, etc., representing different time scales,
since € is a small parameter. First-order expansions will be the focus of this section, and
such expansions may be obtained without actually having to solve for y;; only secular
terms in the expression for y; need be considered, which determine the dependence of the

Yo ON T, [24, pp. 122-126]. Thus, solutions in this section will be in the form

vt €) = yo(To, Ty) + €y1(To, Ty) + -+ (4-20)

where only the y, term, herein denoted simply as y, needs to be found, and O (e) terms are
neglected. The methods of variation of parameters and averaging will be used to
approximate solutions to (4-17).

A final remark before the analysis: applying the method of averaging to systems
with both quadratic and cubic nonlinearities can sometimes give erroneous results due to
interactions between approximation orders; such an interaction was shown to occur
between first- and second-order approximations when a third-order approximation was
sought for a system with quadratic and cubic nonlinearities in [24, pp. 168-169]. Although
(4-18) differs significantly from this example and only a first-order approximation is
desired, the analysis will be validated by comparing predictions made by the perturbation

solutions of (4-18) to those made using numerical integration of (4-9).



102

4.4.2 Secondary Resonances
To apply the method of averaging to the secondary resonances, the method of

variation of parameters is first applied. The solution of (4-18) withe = 0 is

¥y = acos(t + b) + 2Asin Qt (4-21)

where the free-oscillation term is a cos(r + b) with a and b as constants, which are
sometimes referred to as parameters, and A = (4, + Q2%6,,,,)/[2(1 — Q2?)]. Notice that
(4-21) contains a term with a small divisor that becomes very large as 0 — 1; the existence
of this term is why the primary and secondary resonances are treated separately in this
analysis.

When € + 0, it is assumed that the solution is still given by (4-21), but with slowly
time-varying parameters a(T;) and b(T,). The solution (4-21) may be viewed as a
transformation from y(t) to a(T,) and b(T,), wherein three unknowns are to be found
using two equations, (4-18) and (4-21). As a consequence, there is freedom in choosing a
third equation that imposes a condition on the unknowns. A convenient choice is taking

the (dimensionless) time derivative of (4-21) while treating a and b as constants:

y' = —asin(t + b) + 2AQ cos Q1 (4-22)

However, when € # 0, the solution is still of the form (4-21), subject to the
constraint (4-22), but with a = a(t) and b = b(t). Differentiation of (4-21) in light of

this gives

y' = —asin(t + b) + a’ cos(t + b) — ab’ sin(t + b) + 2AQ cos Q1 (4-23)

Equation (4-22) with (4-23) implies
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a'cos(t+b) —ab'sin(t+b) =0 (4-24)
Differentiating (4-22) once more yields
y" = —acos(t + b) — a’'sin(t + b) — ab’ cos(t + b) — 2A0%sinQtr  (4-25)
Substitution of (4-21), (4-22), and (4-25) into (4-18) gives
—acos(t + b) —a’sin(t + b) — ab’ cos(t + b) — 2A0? sin Ot
+ acos(t + b) + 2Asin Qt
+e€ [Z(ﬁ_e + B )(—asin(t + b) + 2AQ cos Qt)
+ A, cos 2Q7 (a cos(t + b) + 2Asin Q1) (4-26)

+ = A, sin Qt (a cos(t + b) + 2A sin Q1)?

N =

— (acos(t + b) + 2AsinQ1)3 — A, sin Qr

= 020,45 Sin Q7

where the interest in a first-order expansion allows for the dropping of the 0(e?); this is
made more plain from substitution of (4-20) into (4-18) with retention of terms up to 0 (¢),
although such a procedure requires more algebra. As A = (4, + 020,,,,)/[2(1 — Q?)],

(4-26) reduces to
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a' sin(t + b) + ab’ cos(t + b)
=€ [Z(ﬁ_e + B )(—asin(t + b) + 2AQ cos Qt)

+ A, cos 20t (acos(t + b) + 2Asin Q1) (4-27)

A, sin Qt (a cos(t + b) + 2A sin Q1)?

N =

+

— (acos(t + b) + 2AsinQ1)3 — A, sin Qr

Multiply (4-24) by cos(t + b) and (4-27) by sin(z + b) and add the result to

obtain

a’ = esin(t + b) [Z(ﬁ_e + B )(—asin(t + b) + 2AQ cos Qt)

+ A, cos 2Q7 (a cos(t + b) + 2Asin Q1)

(4-28)

+ = A, sin Qt (a cos(t + b) + 2A sin Q1)?

N =

— (acos(t + b) + 2AsinQr)3 — A, sin Qr

which defines the dynamics of the parameter a. The differential equation for b may be
obtained similarly by multiplying (4-24) by sin(z + b) and (4-27) by cos(z + b) and

adding the result to obtain
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ab' = e cos(t + b) [Z(ﬁ_e + B )(—asin(t + b) + 2AQ cos Qt)

+ A, cos 2Q7 (a cos(t + b) + 2Asin Q1)
(4-29)

Uy

+ = A, sin Qt (a cos(t + b) + 2A sin Q1)?

N

— (acos(t + b) + 2AsinQr)3 — A, sin Qr

Expanding (4-28) and (4-29) and grouping by the argument of the trigonometric

functions gives

0 (B, +B)a+ Axa® 30\ G- )t + 3D)
T, Be + Pm)a 16 2 cos T

AN ALA
+ <A3 —xT+%>cos[(1—3Q)T+b] + o.t.

(4-30)

( A,a?> 3Aa?
+ —

T 2 )sin[(?) — Q)7 + 3b]

AN A A

+ (—A3 + ’; — %) sin[(1 — 3Q)t + b]
Aha  Aya

+ 3A2a_T+T cos 20t + o. t.

where the substitution d /0T, = €d/dT; allows for elimination of € and o. t. refers to other
terms that are immaterial with regard to the method of averaging near the secondary
resonances, such as sin[(1 + 3Q)7 + b] or cos[(3 + Q)7 + b], as these fast varying terms

average to zero for the secondary resonances near Q~ 3 and Q= 1/3. Special
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consideration is required at Q = 0.

The terms in (4-30) are examined to demarcate frequencies of interest for the
analysis.
Casel: Q= 3

In this case, the slowly-varying terms in (4-30) are cos[(3 — Q)7 + 3b] and

sin[(3 — Q)7 + 3b]. Thus, the solution parameters are governed by

0 (B, +B)a+ Axa® 30\ G- e+ 3D)
T, Be + Pm)a 16 2 cos T

ob A,Aa  3a® (4-31)
7 — _3A2 X
a6T1 3A%a + > 3

16+4

A,a?> 3Aa?
+ (— @ >sin[(3 — Q)7 + 3b]

Substitute Q = 3 + ea, where o is referred to as a detuning parameter that is used

to express the propinquity of Q to 3, into (4-31) to give

da B+ B)a+ A,a?> 3Aa? - 3b]
(4-32)
ob INa+ AAa  3a® [A,a?> 3Ad?\ - 3b]
Yor, = T 8 16 4 )50
To make (4-32) autonomous, introduce a new independent variable
d=T,0—3b (4-33)

Hence
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od _ 3 ob 4-34
ar,  ° °ar, (4-34)
Substituting (4-33) and (4-34) into (4-32) and simplifying yields
da B+ F)a+ A, 3A p
T, e+ Pm)a+a T cos
(4-35)

od L op2 3/Tan+9a3 342 A, 3A) p
aaTl—aa a > 3 a*| g = )sin

which are now autonomous. It may appear that not much progress has been made; the
nonlinear system (4-17) has been replaced by another nonlinear system (4-35). However,
the parameters in (4-35) approach stationary values with increasing T;, in which case the
free-oscillation term in (4-21) achieves a periodic steady state with fixed amplitude. Letting
da/dT, = dd/dT, = 0 and, with some manipulation, d may be eliminated entirely,

leaving

81A2 27A.A 90 5 _
4 _ x -z _ 2| 52
81la* + 64 2 3 + 2 Z(Ax 12A)%|a

(4-36)
+16(18A% — 3A,A + 20)? + 64(f, + f.)° = 0

which is quadratic in a? and easily solved. Equation (4-36) is often referred to as a
frequency response equation, and it relates the amplitude of the free-oscillation term to the
frequency o. For solutions satisfying a? € R, the discriminant of the solution satisfying
(4-36) must be positive.

Note that (4-36) was derived by neglecting the a = 0 solution, which is a solution

of particular interest since this implies that the free-oscillation term in (4-21) vanishes. The
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stability of this solution will be discussed later.
Substitution of b = T,0/3 — d /3 from (4-33), along withQ =3 +ec and T; =

€T, into (4-20) gives the solution
1 1
Y = acos <§ Qr — §d> + 2Asin Q1 + 0(e) (4-37)
up to 0(e) with (dimensionless) time derivative

1 1 1
y =— §aQ sin <§ Ot — §d> + 2AQ cos Q1 + 0(€) (4-38)

for the case of Q0 = 3. Notice that the frequency of the free-oscillation term is /3, or one-
third of the dimensionless frequency ratio; consequentially, such secondary resonances are
known as subharmonic resonances of order one-third [24 pp. 197-198]. Such resonances
can exhibit a very large response in spite of being far from Q =~ 1.

Case2: @~ 1/5

In this case, the slowly varying terms are cos[(1 —3Q)7 + b] and sin[(1 —

3Q)7t + b]. Thus, the parameters are governed by

da _ AN AN
o° _ 3 Hx y _
o1, = ~(Be + Bn)a+t (A —— )cos[(1 30)7 + b]
ob A, Aa 3a3 .
T A2 xA6 (4-39)
a6T1 3A“a + > 5

AN AN
+ (—A3 + "T — %) sin[(1 — 3Q)t + b]

Similar to the case of Q ~ 3, a detuning parameter ¢ is introduced, satisfying 3Q =
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1 + eo, as well as a new independent parameter defined by d = oT; — b so that (4-39)

may be rewritten as an autonomous system in a and d:

da _ AN A\
FTo —(Be + Bm)a + <A3 _x +L> cosd
1

4 2
(4-40)
ad A ha  3a® AN A
aa—le oa + 3MN%a — xz 5 <A3 —xT+%>sind
Finding the fixed points of (4-40) with subsequent elimination of d yields
9 9A?> 34,A 30
—q® - _ d I )
64" +< 7 T8 4 )“
An N Lo
+((38 ===+ +(Be +Bn) | @2 (4-41)
AN B A\
-2 A3 X vy =0
(#-5+)

which is a cubic equation in a?. The roots of (4-41) satisfying a? € R give the steady state

amplitude of the free-response for a given o.

Since b =0T, —d, 30 =1+ €eo, and T; = et, the solution for the case of Q =

1/3 is given by

Yy = acos(3Qt — d) + 2Asin Q7 + 0(€) (4-42)
up to 0(e) with time derivative

! —

y' = —3aQsin(3Qr — d) + 2AQ cos Q7 + 0(€) (4-43)

Notice that the frequency of the free-oscillation term is 3(Q), or three times the
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dimensionless frequency ratio; consequentially, such secondary resonances are known as
superharmonic resonances of order three [24, p. 202].
Case3: Q=0

Since 7 appears explicitly in the governing equation, it is unclear which time scale
(T, or T;) is appropriate to describe a term such as cos2Qz. If Q = 0, then cos 2Qt is
slowly varying. Let Q = eo to express smallness of Q, and write cos 20t = cos 2c€et =
cos 20T;. There are no slowly varying terms in the a differential equation, but there is a
cos 2Qt in the b differential equation, which is slowly varying at Q = 0. The parameters

are thus governed by

da

a_T1 = _(ﬂ_e + ﬂ_m)a

(4-44)

ob 22 /Tan_}_Kya -
a5 = a-— 5| cos 20T

From (4-44), it’s clear that

a= a(: (Be +Bm)T1

which indicates that the free-oscillation term in (4-21) vanishes in steady state, leaving only
the 2A sin Qt term — this is the linearized solution presented in Section 4.3, albeit without
damping.
Case 4: Q away from 0, 1, 3, and 1/3

In this case, the only slowly varying terms in (4-30) are the constant terms. Thus,

the parameters are governed by
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da

ar, = —(Be + Bm)a
(4-45)
T, 2 8

Hence both parameters rapidly approach zero, as in the Q = 0 case, and (4-21)
becomes the solution to an undamped, harmonically-excited linear oscillator in steady state.
This explains why the solution to the linearized system (4-13) presented in Section 4.3,
which also includes the additional effect of damping, is predictive of the dynamics of (4-9)

far from any resonance peaks.

4.4.3 Primary Resonance
Due to the small divisor term in (4-21), an alternative to (4-18) is proposed as the
perturbed system for analysis:
_ _ 1_
Y ' +y+e [Z(ﬁe + Bn)y' + A, cos2Qry + - A, sinQry? —y3

2
(4-46)

(028, + A,) sin m] +0(e?) =0

where the substitution 8,,,,,, = €6,,4, is introduced to reflect the smallness of the forcing
term, which is valid for weak excitation. The analysis then proceeds as with the secondary

resonances. The solution of (4-46) withe = 0 is
y = acos(t + b) (4-47)

Notice that (4-46) no longer contains the small divisor term. Taking the

(dimensionless) time derivative of (4-47) while treating a and b as constants gives
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y' = —asin(t + b) (4-48)

However, when € # 0, the solution is still of the form (4-47), subject to the
constraint (4-48), but with a = a(z) and b = b(7). Differentiation of (4-47) in light of this

gives
y' = —asin(t + b) + a’ cos(t + b) — ab' sin(t + b) (4-49)
Equation (4-48) with (4-49) implies
a' cos(t+b) —ab'sin(t+b) =0 (4-50)
Differentiating (4-48) once more yields
y" = —acos(t + b) — a' sin(t + b) — ab’ cos(t + b) (4-51)
Substitution of (4-47), (4-48), and (4-51) into (4-46) with some simplification gives

a' sin(t + b) + ab’ cos(t + b)

=€ [—Za(ﬁ_e + Bn) sin(z + b) + ad,, cos 2Qz cos(z + b)

(4-52)

Uy

+=a?4, sin Qt cos?(z + b) — a® cos®(t + b)

N

— (926,40 + A,) sin .QT]

where the 0(e?) term has again been ignored. As with the secondary resonances, (4-52) is

used along with (4-50) to solve for a’
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a’ = esin(t + b) [—Za(ﬁ_e + Bn) sin(z + b) + ad,, cos 2Qz cos(z + b)

Uy

+=a?4, sin Qt cos?(z + b) — a® cos®*(t + b) (4-53)

N

— (926,40 + A,) sin .QT]
and ab’

ab’ = ecos(t + b) [—Za(ﬁ_e + B ) sin(z + b)

— 1 . _
+ad,, cos 20t cos(t + b) + 5 a?A, sin Ot cos?(7 + b) (4-54)

—a3cos®(t + b) — (Q%0,,,, + A,) sin .QT]

Expanding (4-53) and (4-54), eliminating €, and noting that the slowly varying
terms are cos[(1 — Q)T + b] and sin[(1 — Q)7 + b], as well as sin[2(1 — Q)T + 2b] and

cos[2(1 — Q)T + 2b] gives

da _ A.a?> 020, A,
a—Tl——(ﬁe+ﬁm)a+< e~ 32 32 cos[(1 — Q)T + b]

Aya
+ TSIH[Z(]. - .Q)T + Zb]

(4-55)

b  3a’ ( 34,a° 0%0,,,, A,

Ao =""g + )sin[(l—Q)T+b]

6 T 2 2

Aya
+ Tcos[Z(l — Q)T + 2b]

with o. t. again representing other terms that are slowly varying near the primary resonance
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near Q = 1. Finally, the detuning parameter ¢ is introduced, defined by Q =1 + €a, as
well as a new independent parameter satisfying d = oT; — b so that (4-55) can be

represented by the autonomous system

da _ Aa?  0%0,,, Ay Aja
a—Tl——(ﬁe+ﬁm)a+( 6 2 3 cosd—Tsm2d
(4-56)
ad 3a® 34,02 020, A\ | Aja
aa—Tl—aa+?+<— 16 + > +7 Slnd—TCOSZd

The form of (4-56) differs from (4-35) and (4-40) — as well as from the system of
differential equations that describe the parameters for a first-order approximation of the
weakly forced Duffing oscillator [24, pp. 205-208] — in two important ways. First, the
amplitudes of the cos d and sin d terms are no longer simply the inverse of each other; this
appears to be a consequence of the sin Qt parametric excitation term in (4-46). Secondly,
there are sin 2d and cos 2d terms (4-56); this appears to be a consequence of the cos 2Qt
parametric excitation term in (4-46). Due to the additional complexity, even solving for the
fixed points of (4-56) represents a challenge. However, some information may be
ascertained by examination. The steady state values of a are given by da/dT; =0,
yielding a quadratic in a. Similarly, letting add/dT; = 0 gives a cubic equation in a.
Treating (4-56) as a system of polynomials in a with a finite number of solutions then, by
Bézout's theorem, there are at most six solutions, counting multiplicity. Equation (4-56) is
also invariant under the transformation d - d + n2m, n € Z. Thus, the steady state
amplitude may attain up to six values, and the interval of interest for d will be restricted to
d € [0, 2m). For a visualization of the phase plane, see Figure 4-9.

Since b =0T, —d, QA =1—€0,and T; = er, the solution for the case of Q = 1 is
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Figure 4-9 — Phase portrait of the ad-plane for (4-56), which governs the primary
resonance, under EX5 at 2 = 0.6. The two stable spirals represent higher and lower
amplitude solution branches, and a separatrix is formed by the unstable saddle point.

given by
y =acos(Qt—d) + 0(e) (4-57)

up to 0(e) with (dimensionless) time derivative

y' = —aQsin(Qt —d) + 0(e) (4-58)

4.4.4 Validation of Analysis
The results presented in this section were derived from (4-17) — an approximation
to the original system of interest, (4-9) — using approximate analytical methods. To assess

the validity of the perturbation solutions (and the system approximation from which they
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were derived) in predicting the behavior of the original system, a brief comparison between
numerical solutions of (4-9) and the perturbation solutions (4-37), (4-42), and (4-57) is
presented in this section.

The perturbation solutions were validated in two ways. First, since the amplitude
of the free-oscillation terms is the direct output of the averaging method, it is appropriate
to compare the amplitude of numerical solutions of (4-9) to the amplitude of the analytical
approximations (4-37), (4-42), and (4-57). Since the solutions are not typically simple
sinusoids, the amplitude is approximated in all cases by computing half of the difference
between the maximum and minimum values attained by the solutions in steady state.
Comparisons of power output are used as the second method for validating the analysis,
accomplished by the use of the second component (velocity) of the numerical solution to
(4-9) and the perturbation solution derivatives (4-38), (4-43), and (4-58), in (4-11) during
steady state.

The numerical simulations were performed over a length of 200 swing arm cycles
of period 2 /Q. Amplitude and power values were computed over some final number of
swing arm cycles to be determined, as the solutions near the end of the simulation timespan
are presumed to represent a steady state condition. The (smallest) period of (4-42) is 61 /Q,
or three swing arm cycles; this represents the perturbation solution with the longest period,
and therefore three swing arm cycles represents a fair choice for the final number of cycles
over which output is computed. However, to account for the possibility of a subharmonic
at Q = 2, or any other unexpected nonlinear behavior, the final 30 swing arm cycles of the
simulation were instead selected to be representative of a steady state condition. Figure 4-7

and Figure 4-8 were generated under this assumption.
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Due to the complexity of the equations, a numerical approach was taken to find the
fixed points of (4-56), the primary resonance. For each value of ( to be plotted, a grid of
1024 initial guess points was formed in the region =5 < a < 5, 0 < d < 2x that was used
in a Trust-Region Dogleg algorithm [25] in order to find up to six unique zeros of the right-
hand side of (4-56), which correspond to the fixed points of interest. In order to assess

stability, the eigenvalues 4, , of the Jacobian

A.a? Q20 A A.a
ad —ﬂ——x>sind—%c052d

_ Aca Ay
—(ﬁe +ﬁm) +Tcosd —Tsm2d —

J 16 2 2

Q~1 = - = - - = - -
3a 34, 020, A\ . 34,a 02%6,,,, A, Ay
T_(16 +—2a2 +_2a2 sind ~ 16 +—2a +E cosd+751n2d

derived from (4-56) by treating the system as a vector-valued function with (a, d) as the
input, were numerically evaluated at each fixed point, with stable fixed points satisfying
Re(1,2) < 0.

The amplitude of the free-oscillation term in steady state for the subharmonic
response (4-37) is found directly by solving (4-36), retaining only solutions satisfying a €

R; d may then be found using (4-35). For the subharmonic fixed points, the Jacobian

_ , 3AA\a 3a
) Be + Bm —| o+ 9A —— 37§
Jass = , 34,A\1 9a _
—| o+ 9A —T E+? _S(ﬁe +ﬁm)

derived from (4-35) was used to assess stability. To assess the stability of the a =0
subharmonic solution, treat the amplitude equation of (4-35) as flow on the line, since the
dynamics of the phase d are irrelevant if the amplitude of the free-oscillation term is zero.

Then
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da o+ B +2 A, 3A p
oT.0a ~ ~\Pet Bm) +2a{ 75— |cos
Hence

da
dT,0a

= _(ﬂ_e + ﬂ_m)

a=0

which implies a = 0 is always stable for the subharmonic resonance.

Finally, the amplitude of the free-oscillation term in steady state for the
superharmonic response (4-42) is found directly by solving (4-41), again retaining only
solutions satisfying a € R; d may then be found using (4-40). For the superharmonic fixed

points, the Jacobian

1 3
~(B. + Bm) = (a +3A2 — A"A> o -
J o= ) 2 8
O~z ) A,A\1 O9a _ _
(O’+3A — > >E+? _(ﬁe-}_ﬁm)

derived from (4-40) was used to assess stability.

Figure 4-10 presents the amplitude of the numerical solution of (4-9), as well as the
perturbation solutions (4-37), (4-42), and (4-57), vs. frequency Q for EX5. The
correspondence is generally acceptable, especially considering the forcing is not
particularly weak. Notice the additional, small resonance near Q = 1/4 that has not been
resolved by the first-order expansion. The lack of numerical points that coincide with the
highest-amplitude branches in Figure 4-10 should not be of concern, as the leftward-
bending of the superharmonic and primary resonances (sometimes referred to as the

foldover effect) produces hysteresis in the response, in which the path taken by the solution
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Figure 4-10 — Comparison of numerical and perturbation approximations of solution
amplitude of (left) superharmonic resonance, (center) primary resonance, and (right)
subharmonic resonance vs. Q for EX5.

determines whether the steady state response lies on the higher or lower solution branch.
Since all numerical simulations begin with zero initial conditions, it is unsurprising that
points tend not to lie on the uppermost branches. Some license has been taken in producing
a comparison between numerical and approximate solutions, as the range of frequencies
over which to plot the perturbation solution may be chosen freely — although solution
accuracy degrades far from the solution’s corresponding resonance frequency.

Using the perturbation solutions to compute power, Figure 4-7 may now be
reproduced to help explain the nonlinear behavior under EX1, shown in Figure 4-11. Notice
that the perturbation solutions predict the relatively flat superharmonic response for EX1,
and accurately predict the frequency of the onset of primary resonance from the lower-
amplitude solution branch. As the error in the approximate solutions propagates when
power is computed using (4-11), the fit is not expected to be as close in a power vs.
frequency plot such as Figure 4-11.

An interesting feature of Figure 4-11 is the existence of the high-amplitude
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Figure 4-11 — Numerical vs. analytical (linearization and perturbation) results for power
vs. frequency ratio using EX1 input

subharmonic branch with no coinciding numerical solution points, which may seem
concerning with respect to validation. However, much like the high-amplitude branches of
the primary resonance, this can be explained by the fact that all numerical solutions of (4-9)
were integrated using zero initial conditions, and the region of attraction for the high-
amplitude branch of the subharmonic is very small (Figure 4-12).

Finally, Figure 4-8 may be reproduced, again overlaying the power output of the
perturbation solutions for EX5 (Figure 4-13). The perturbation solutions again accurately
capture the qualitative effect of the nonlinear resonance peaks and are fairly predictive of
the frequency at which the lower solution branch of the primary resonance transitions to
the higher-amplitude branch.

The perturbation solutions of the system approximation (4-17) are therefore
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Figure 4-12 — Phase portrait of the ad-plane for (4-35)(4-56), which governs the
subharmonic resonance, under EX1 at 2 = 2.5. Notice that the region of attraction for
the high-amplitude solution is small, and nearly all points approach a = 0 as T; — oo.

predictive of the dynamics of the true eccentric rotor model (4-9). The steady state
amplitudes of the perturbation solutions are in good agreement with the amplitudes of the
numerical solutions of (4-9). Power output is more difficult to predict with accuracy,
however, due to the propagation of error when the approximate solutions are used in (4-11),

but qualitative effects of the solutions are captured well.

4.4.5 Invariance of Power Output at Primary Resonance
Compare the steady state power output at the sharp transition to primary resonance
for EX1 (Figure 4-11) and EX5 (Figure 4-13); remarkably, in spite of the substantial
difference in the strength of the two excitations, the steady state power output is nearly

identical (IT = 0.04) in either case, possibly due to the effect of saturation. An interest in
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Figure 4-13 — Numerical vs. analytical (linearization and perturbation) results for power
vs. frequency ratio using EX5 input

how the primary resonance peak behaves as the excitation is changed led to the numerical
investigation presented in Figure 4-14, wherein the rotor model (4-9) is numerically
integrated for  values near the primary resonance and power is again computed using
(4-11). Recall that, for a given excitation, a change in Q amounts to a change in the
harvester’s natural frequency.

The results of the numerical investigation of the primary resonance suggest that an
eccentric rotor designed to exhibit a frequency ratio of Q = 0.8 under EX1 will continue
to exhibit the high-amplitude response from swing arm excitation that the primary
resonance affords even with increasing input frequency (as this shifts Q rightward) and

swing arm amplitude.
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Figure 4-14 — Steady state power output at primary resonance for all excitations from
Table 4-1

4.4.6 Summary
Some of the primary results of the analysis presented in this section are succinctly
listed below:

e The eccentric rotor model (4-9) exhibits behavior characteristic of a Duffing
oscillator with a softening spring nonlinearity in spite of differences in
nonlinearities and the addition of parametric excitation. This includes
secondary resonances at =~ 1/3 and Q = 3, and a primary resonance
exhibiting the foldover effect.

e The peak at Q~1/3 is a nonlinear superharmonic resonance. Its
magnitude relative to the primary resonance is generally small and is

strongly dependent on the forcing.
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e The peak at Q = 3 is a nonlinear subharmonic resonance. Its magnitude is
large and it extends over a wide range of (0 values; however, the coexistence
of high-amplitude and a low-amplitude solution branches and seemingly
small regions of attraction for the high-amplitude branch under weak
forcing suggest that consistent operation at the high-amplitude branch
would be difficult to achieve in practice.

e The amplitude of the primary resonance is highly consistent under all
excitations listed in Table 4-1, and the behavior of this peak provides an

exploitable design opportunity.

4.5 Resonant Eccentric Rotor Design

Following the observations of the behavior of the primary resonance peak in
Section 4.4, a resonant eccentric rotor harvester design is proposed and evaluated against
a comparable non-resonant design.

Consider again, as in Section 4.3.1, a homogeneous tungsten cylindrical sector rotor
geometry with density p = 19000 kg-m3, angle «, radius r, height h, total device volume
mr?h = 1 cm and thickness 2 mm, requiring a radius » = 12.6 mm. By prudent selection
of the effective length, I, an eccentric rotor design with a frequency ratio Q ~ 0.8 under
EX1 may be obtained; an effective length of [, ~ 0.18 m is once such choice, which can
be realized with an angle @ =~ 5.97 rad — nearly a full cylinder of tungsten. Whether such
a resonant design will maintain high power output as the forcing parameters A, and 4,
change with the input frequency can be ascertained via numerical simulation of the

dimensioned system (4-3). A choice of b, = 1.3-107% N-m-s-rad* for the electrical
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damping coefficient was selected for the resonant device. The optimized non-resonant
device from Section 4.3.1 (« ~ 3.42rad, b, = 8.6 - 107® N-m-s-rad!) was selected as a
benchmark against which to gauge the performance of the resonant device. Equation (4-3)
was solved numerically for each device over a period for 20 swing arm cycles, and the final
three swing arm periods were used as the time span t, in (4-4) over which power output
was calculated. An arbitrary mechanical damping coefficient of b,, =8.6-107°
N-m-s-radt was used to represent loss in each device. The results of the numerical
simulations are presented in Figure 4-15.

As can be seen in Figure 4-15, the resonant design is capable of producing high
power output over a large range of swing arm frequencies. Only at the highest frequencies

simulated did the non-resonant design begin to outperform the resonant design. However,
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Figure 4-15 — Power vs. swing arm frequency for two example resonant and non-resonant
eccentric rotor designs
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the non-resonant design benefits tremendously from the high degree of electrical damping
— nearly seven times as high as the electrical damping of the resonant device. In order to
realize such a level of damping in practice, some additional portion of the device volume
would need to be consumed by a transducer, which is volume that could otherwise be
shared by additional harvester mass. For a more fair comparison, another set of simulations
using an electrical damping coefficient of b, = 1.3 - 107® N-m-s-rad! for both devices was
performed (Figure 4-16).

As evidenced in Figure 4-16, a resonant design is capable of producing higher
power over a wider range of swing arm frequencies than a comparable non-resonant device
when the device volumes and electrical damping coefficients are matched.

It is also worth noting that the design of a rotor with a wideband response at the
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Figure 4-16 — Power vs. swing arm frequency for two example resonant and non-resonant
eccentric rotor designs with equal values of electrical damping
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primary resonance peak is aided by a mild self-tuning phenomenon of the eccentric rotor

over the range of excitations considered in Table 4-1. Recall that the natural frequency

wo =+/¥/lesr » and that the average y -acceleration ¥y = g(1—02,/4)+
02 wxlarmw? /2. This means that w, = w,(w), which increases as the input excitation
frequency w increases; that is, the harvester resonance frequency tends to move with the
input frequency. This effect has been observed and exploited in other energy harvesting

devices with pendulum dynamics [26], [27].

4.6 Conclusions

The dynamical analysis of an eccentric rotor harvester under swing arm excitation
has been presented. A linearized system model predicts the behavior of non-resonant
devices well, provided the natural frequency of the device is far from the primary resonance,
or nonlinear secondary resonances. It was shown that the eccentric rotor harvester behaves
very similar to a Duffing oscillator with softening spring nonlinearity. The relatively small
magnitude of the superharmonic resonance and the coexistence of high- and low-amplitude
solution branches for the subharmonic resonance makes targeting these resonance peaks in
a practical design challenging. However, the behavior of the primary resonance peak makes
it ideal for harvesting, since power output appears insensitive to changes in input
excitations at this resonance. A novel resonant eccentric harvester was proposed to exploit
this behavior, and its performance compared to a non-resonant design via simulation to
demonstrate its consistently high power output.

The entire analysis presented in this work assumes a steady state harvesting

condition; for excitations derived from human motion, this is likely a rare operating
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condition. Future work should incorporate transient analysis, as this may have a significant

impact on the design approach for an eccentric rotor harvester.
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CHAPTER 5

CONCLUSIONS

This project begins with a review of the state-of-the-art in energy harvesting from
human motion, with a focus on harvesters capable of scavenging energy from the wrist
from arm swing during walking. The vibratory excitations observed at the wrist during
walking are typically characterized as low-frequency with moderate to large amplitudes;
harvesting energy from such excitations using traditional, linear energy harvesting
techniques is challenging as such devices generally do not perform well on the body when
device dimensions are highly constrained. A number of architectures have been proposed
to remedy this issue and improve performance in body-worn applications. An inability to
assess the relative merits of each harvester approach warranted a comparative analysis, the
result of which lead to the design and development of sprung and unsprung eccentric rotor
harvester prototypes. These prototypes were characterized using a benchtop excitation and
populations of human subjects walking under controlled conditions. Finally, a dynamical
analysis of the eccentric rotor architecture was performed, which yielded a regime of
operation that may be beneficial to exploit in practice to achieve higher power output over

non-resonant devices. What follows are the primary results of the project.
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5.1 Comparative Analysis

In Chapter 2, a comparative analysis was performed in order to determine the
harvester architecture best suited for absorbing kinetic energy at the wrist. Six device
architectures were proposed and modeled. It was determined that the sprung eccentric rotor
architecture was superior for energy harvesting at the wrist in two ways: first, it produced,
on average, more power output under human walking excitation than its primary
competition, a sprung translational harvester. Secondly, the optimal design parameters of
the eccentric rotor exhibited less variation compared to the translational harvester, which
means that an eccentric rotor design using averaged optimized design parameters performs
better under walking excitation from a population of subjects than a translational harvester

designed in the same fashion.

5.2 Experimental Characterization

With the results of the comparative analysis in hand, a series of eccentric rotor
prototypes were developed and characterized, as detailed in Chapter 3. Early designs
primarily served as a means to corroborate the mathematical models and demonstrate the
increase in power that comes with the addition of a torsional spring to the eccentric rotor
architecture; average power for the human subject population walking at 2.5 mph increased
by a factor of over 15 using the third-generation prototype as a result of the addition of a
spring. Results generally conformed to the predictions of the model, although it is difficult
to accurately predict power output for an unsprung eccentric rotor for any particular
individual. Later prototype iterations served as proofs-of-concept for compact devices with

improved power density. Devices occupying 2 cm® were developed, which incorporated
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custom annular section magnets, wound coil arrays, and nested torsional springs.

5.3 Dynamical Analysis

The work of Chapter 4 sought to bring some clarity to the function of eccentric
rotor devices through a basic analysis of the dynamics under a benchtop pseudo-walking
signal. It was observed that all inertial parameters collapse to a single natural frequency
parameter, which affects the dynamics through a dimensionless frequency ratio, . A
linearized model helped to explain the large resonance peak observed near Q = 1, and a
power output function based on the linearization generally fit the power output of the
nonlinear system well. Perturbation solutions provide insight into the behavior where the
linearization cannot, showing that the system shares many features in common with a
Duffing oscillator with a softening spring nonlinearity, and the analysis additionally gives
reason to target the primary resonance as a regime of operation in a real device. This result
guided the proposal for a resonant eccentric rotor harvester that appears to exhibit a

wideband response in simulations with a low requirement for electrical damping.

5.4 Original Contribution
The primary original contributions of this project are succinctly listed below:

e A comparative analysis between harvester architectures was developed in
order to determine which architecture is best suited for harvesting energy at
the wrist. It was shown that a sprung eccentric rotor architecture is superior
in this application

e A novel architecture — the sprung eccentric rotor — was proposed, and its
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performance compared to identical devices without a torsional spring was
rigorously characterized. The characterization demonstrated that the
addition of a torsional spring can greatly improve the power output of a
wrist-worn eccentric rotor harvester under walking excitation.

A dynamical analysis of the eccentric rotor architecture shed light on the
origin of some observed nonlinear behavior, and also revealed an
exploitable resonance phenomenon. Many authors had considered
resonance to be an ill-suited design goal for body-worn energy harvesting,
but a proposed resonant eccentric rotor design exhibited improved power
output over a non-resonant design using a range of input frequencies in

simulation.

5.5 Future Work

Work on wrist-worn energy harvesters and, in particular, eccentric rotor harvesters

is far from complete. Below are some recommendations for future work with a basis in the

efforts and results presented in this dissertation:

Consider transient operation in the design of eccentric rotor harvesters.
Only steady-state dynamics have been considered in the analysis, and
experiments carried out both on the benchtop and with human subjects
considered performance only after transient effects were presumed to have
dissipated. In real operation, there may only be short bursts of excitation or
the excitation may be inconsistent, such that transient dynamics may

dominate the behavior and, consequently, the power output of a design.
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A dynamical analysis of the sprung eccentric rotor architecture would be
helpful in explaining why the addition of a spring yields such an
improvement in device performance, beyond merely speculating based on
the characteristics of a power vs. spring stiffness curve and study of the
numerical solutions.

Refine designs to prepare for commercialization. The addition of a torsional
spring to the eccentric rotor architecture complicates the design in two ways:
first, the additional component consumes volume and increases parasitic
loss. Second, it makes the device orientation-dependent, which may
necessitate the design a left- and right-hand version of the device.
Alternative methods for imposing a restoring torque should be explored.
Experimentally validate the performance of the resonant eccentric rotor
design proposed in Chapter 4. Although the nonlinear model used to make
the performance predictions of the resonant eccentric rotor has been well-
validated, its accuracy has not been experimentally confirmed in this

particular regime of device operation. Additional validation is necessary.
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What follows in an extended derivation of the planar eccentric rotor model used
throughout this work. A schematic used in the derivation of the planar rotor model is shown
in Figure A-1, and all variables used in the derivation are defined in Table A-1.

A remark on notation: vectors are denoted by lower-case bold letters with subscripts
and superscripts, such as ‘v ;. The superscript denotes the particular coordinate frame i in
which the coordinates of v; are expressed. Points (such as those that denote an origin) are
upper-case letters. Scalars are Roman script. Angles are expressed in Greek letters.

Gravity will be ignored in this derivation without loss of model generality, as
gravitational acceleration may be considered acceleration input. The potential energy of

the system is

Yo
A

Y2 X,
Y
p
y' 0, q)
dj,
X w
—— x'
Y 0,
d()I e
I » X,
0, X

Figure A-1 — Schematic used in the derivation of the rotor model
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Table A-1 — List of variables used in the derivation of the eccentric rotor model

Variable | Definition
m Mass of rotor
Iy Moment of inertia of rotor about center of gravity
L Eccentric Ier)gth; .distance. from rotating cepter to center of mass measured along
rotor centerline (line passing through rotating center and center of mass)
b Linear viscous damping coefficient for rotational damper
Angle of centerline of rotor as measured from basis vector x,
6 Angle of basis vector x; as measured from basis vector x, (“housing angle’)
¢ Angle of basis vector x, as measured from basis vector x; (“relative rotor
angle”)
¥ Spalar displacement of O, in basis vector x, direction (“absolute housing
displacement”)
v Spalar displacement of O, in basis vector y, direction (“absolute housing
displacement”)
x' Scalar displacement of O, in basis vector x; direction
' Scalar displacement of O, in basis vector y, direction
Displacement vector from 0, to center of gravity (Eccentric length, ||p|| = L)
dy, Inter-origin vector from O, to 0,
d,, Inter-origin vector from 0; to 0,
R, Rotation matrix from coordinate frame 0 to O,
IR, Rotation matrix from coordinate frame 0, to 0;

since gravity is considered to be an effective acceleration of the point O, .

Kinetic energy is considered at the center of mass of the rotor, and is composed of

translational and rotational components:

11
T=§m||v|| +§Igl/)
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We want to locate the point 2p = [é] in 0,. Express the displacement vector as

OT = Od01 + ORl 1d12 + ORl 1R2 Zp

'X] + [cosH —sin 6 [X'] + [cosH —sin 6 [COS¢ —sin ¢] [L]
34 sind cos6 1]y sinf cos@ llsing cos¢p [LO

'X] + [cosH —sin 6 [x’] [cosH —sin 6 [L cos ¢]
Ly sind cos@ 1]y sin@ cos@ l|Lsin¢

_[X +x"cos@ —y'sin6 + L(cos B cos ¢ —sianingb)]
LY +x"sin@ + y' cos @ + L(sin A cos ¢ + cos @ sin ¢)

_[X +x"cos@ —y'sinf + Lcos(6 + gb)]
LY +x'sinf +y'cos @ + Lsin(0 + ¢)

So far, we have assumed nothing about the nature of x" and y’ (the displacements
of 0, as measured from 0,). This was done for generality. Now assume x' = y' =0 =
constant, which corresponds to the axis of rotation coinciding with coordinate frame of

0, for all time. This yields

o..  [X+Lcos(6+¢)| [X+Lcos(¥)
[Y+Lsin(9+¢))] [ ]

B Y + Lsin(y)
Differentiate °r:

X — Ly siny
Y + L cosyp

d
0,. — —
—r=v=
dt
Substitute v into the expression for kinetic energy:

1 1 .
T =S mlll? +5 L2

1 +11 :
—zmv 1% zgl/)
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zlmQ):(—Lt/.}sim/J _l)?—Ll[)SiIll/) >+11g1/}2
Y + Ly cosyp| Y+ Lpcosy 2

2
1 . . 2 i ; 21, 1 .,
= Em [(X - Ly smt/;) + (Y + Ly COSl/)) ] + Elgt/;
Now account for the linear viscous damping. The Rayleigh dissipation function is
1 .. .
R=2b(- 6)"
Invoke the modified Euler-Lagrange for the equations of motion:

doL 9L OR _

- +—=0
dtoy 0y oy
Substitute terms for the equation of motion:
mL(Y cosy — Xsiny) + Pp(mL2 + 1)+ b(p —0) = 0

mL(¥Y cosip — X sinyp) + b(y) — 8)
T mi2 +1,

Typically, accelerometers report acceleration values expressed in terms of a
coordinate system fixed to the accelerometer. Thus, the values of X and ¥ (the scalar
components of the vector representing the acceleration of O, expressed in the O,
coordinate frame) are not useful inputs in practice. Because this acceleration is merely a

vector a € R? expressed in 0, — that is:

%a = %a;%x, + °a;%,

0
— [0 0 ay
0 %yl [Oaz]
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— then we may make use of the coordinate frame transformation to re-express this vector

in 0y:
1 .o
el
a, y
= %, xy + a; 'y,
=[x, ly ][0a1] =[x, ly ][X] —op T [X]
0 0 oa2 0 0 Y 1 Y
_ [ cosf sinf [X]
—sinf cosO1ly
Thus, we may make the substitutions X = ¥ cos@ — jysinf and ¥ = ¥sin 6 +
y cos 8:

mL[(%sin0 + ¥ cos0) cosyp — (¥ cos @ — J sin B) siny] + b(l/) — 9)
Bl ml? + I,

B mL(y cos(yp — 0) — Xsin(yp —0)) + b(l/) — 9)
T mL? +1,

Because 6 (rotation rate) is typically all that is measured by the IMU, this equation
would require estimation of another input variable: 6.

Finally, note that we’re often not concerned with the angle of the rotor with respect
to an inertial frame; the relative angle is typically more important. Substitute ¢ = 6 + ¢:

mL(§ cos ¢ — ¥ sinp) + b i
mL% + 1,

¢ =
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so that the equation of motion may be solved for ¢ (¢) directly. Again, because @ (rotation
rate) is typically all that is measured by the IMU, this equation again requires an estimation
of an input variable, albeit a different one this time: 6.

The addition of a torsional spring simply adds a restoring torque to the rotational

mass that is proportional to the relative angle, ¢. The zero-torque angle is ¢ = "/2 by

convention. Thus, the sprung rotor architecture is described by

_mL(jicos¢)—5ésin¢))+b¢5+k(¢_%)

mlL2 + I,

with k = 0 representing the case of the unsprung eccentric rotor.
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Consider a crude model of arm swing during human locomotion using the
kinematics of a driven pendulum, with the resultant excitation at the distal end of the
pendulum hereafter referred to as swing arm excitation (Figure B-1).

The tangential component of acceleration induced by the swing arm motion is given

by:

d . N
a. = V= d_(larmg) = larmg (B_l)
t
where 1, IS the length of the swing arm, 6 is the angular displacement of the swing arm,
and overdots represent differentiation with respect to time. Similarly, the normal

component of acceleration induced by the swing arm motion is given by:

v? _ (larmé)z

larm larm

)2 (B-2)

= larmg

Rather than consider a downward gravitational force acting on the eccentric mass

dy

Figure B-1 — Schematic for deriving the kinematics of a driven pendulum
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directly, instead consider gravity as an effective acceleration of the housing reference frame

Oy, . For example, at & = /2 = 90°, the x-component of gravitational acceleration in the
housing frame is g, = g and the y-component is g, = 0. Similarly, when6 =0, g, =0

and g, = g. In general:

gx = gsin6 (B-3)

gy = g cos 0 (B-4)

These gravitational components of acceleration (B-3) and (B-4) sum with (B-1) and
(B-2), respectively, to yield the total acceleration of the housing that accounts for

gravitational effects. That is:

Xtotal = 9x + ag (B'S)

Ytotal = gy +a, (B'6)

A pseudo-walking swing arm signal is derived from the kinematics of a

harmonically-driven pendulum. Consider:

0(t) = 0,4, Sin wt
0(t) = WOpqy COS WL (B-7)

6(t) = —w?0,,4, sin wt (B-8)

where 6,,,, 1S the amplitude of the swing arm and w is the driving frequency.
Substitution of (B-1) and (B-3) into (B-5) and subsequent substitution of (B-8) into

the result yields:
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Xtotal = Ix + ag
=gsin@ + lg,0
= g Sin(Bqx SIN W) + Ly (—02 0,45 SiN W)

Similarly, substitution of (B-2) and (B-4) into (B-6) and subsequent substitution of

(B-7) into the result yields:

Ytotal = gy + an
= g cos 0 + 1,62

= g c0S(Onqy SiN Wt) + Lgrm (WO 0y, COS wi)?

Note that g, lyrm, Omax, @ = 0.

B.1  Approximation of Kinematic Functions
Assuming small angles for 6,,,,, (noting that |sin wt| < 1 implies |6,,,4, sin wt| <
Omax) allows for dramatic simplification of the expression for total acceleration in the x-
direction (Table B-1):
Xtotal = G SIN(Opay SN wt) + lgpm (—020,,45 Sin wt)
% G0max SIN O — Lgrm @20y SIN WL

= Hmax(g - larmwz) sin wt (B-9)

Similarly, the small-angle approximation (Table B-2) can reduce the complexity of

Table B-1 — Error in sine approximation

Angle, 0,4« Errorinsin@ ~ @
12.5° ~0.8%
18° ~1.7%
25° ~3.25%
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the expression for total acceleration in the y-direction:

ytotal = g COS(Hmax Sln wt) + larm(wgmax cos a)t)z

02 ., sin? wt
~ g (1 - % + 02 45 lagrmw? cos? wt

~ g+ 02 logrmw? — 024 Y sin? wt + lgrm? sin? wt
g 2 arm

=~ + H‘rzna_xla_‘r'm_a)2 - Hrznax g + larma)z Sinz wt
g 2

02 02 i lgymw? 62
~g (1 - ";ax> + = ;rm + "éax (g + larma)z) cos 2wt

Denoting the average over one swing arm period 2/ w as (-), let

2

62 62 1. . w
}_] — g (1 _ max) + max*arm ~ (ytOtal>

4 2
Finally, let

X = Hmax(larm(‘)2 - g)

Y = Onax (g + larm®?)

Then the approximate acceleration functions a,(t) and a,(t) for swing arm
excitation may be expressed compactly as
a,(t) = —x sin wt

a,(t) =y +ycos2wt

Table B-2 — Error in cosine approximation

Angle, 60,4, Errorincos 6 ~ 1 — 92/2
12.5° <<0.01%
18° ~0.04%
25° ~0.2%
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A convergence study to determine the independence of a numerical solution from
solver settings is advisable to ensure that the solver settings do not result in avoidable
solution error. Additionally, a convergence study is useful for determining the largest
tolerances that may be used by the solver that still result in acceptable solutions, and is thus
useful in reducing solver computational overhead.

Following the poor subject-to-subject simulation results for the unsprung rotor
presented in Chapter 3, a particular interest was developed in determining the correct
Ordinary Differential Equations (ODE) solver tolerances — specified by a relative tolerance
value and an absolute tolerance value — to be used when real human subject walking
excitation data were used as input to the unsprung eccentric rotor model.

Two versions of the eccentric rotor model were used in the convergence study: the
1) ODE (2-2) and the ¢p ODE (2-3), which require different approaches to estimate the 6
model input from the human subject walking excitation data. The values used for the
relative tolerance were varied from 102 to 10, and the values used for the absolute
tolerance were varied from 10 to 108 in tandem. Thirty input signals recorded from 10
subjects walking on a treadmill at the three test belt speeds of 2.5, 3.5, and 5.5 mph were
used as input to the models for the study. Error is computed from the simulated power
output by using the measured prototype power output over the length of the test as the
standard. The results using the parameters for the second-generation unsprung prototype
are presented in Figures C-1 through C-3.

The results indicate that the 1p ODE and the ¢ ODE produce a similar degree of
error. Additionally, the results show that the most stringent solver tolerances produce no

better results than the least stringent solver tolerances. Consequentially, it is unlikely that
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Figure C-1 — Error vs. subject for 2.5 mph treadmill belt speed
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Figure C-2 — Error vs. subject for 3.5 mph treadmill belt speed
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Figure C-3 — Error vs. subject for 5.5 mph treadmill belt speed

the choice of solver tolerances is the cause of the error observed in the unsprung eccentric

rotor simulations using real human subject input presented in Chapter 3.



APPENDIX D

METAHEURISTIC OPTIMIZATION OF

UNSPRUNG ECCENTRIC ROTOR



153

The purpose of the linearization used in Chapter 4 is to produce models that aid in
the choice of design parameters for an eccentric rotor harvester; it is thus the local optima
of the dimensionless power II that are of primary concern. However, the linearized system
and its contingent dimensionless power result are highly simplified models of the nonlinear
system under consideration. It is therefore expected that the maximizers of power output
for the linearized and nonlinear systems will differ; exactly how the maximizers differ and
possible reasons as to why are the focus of this section. The output from this exploratory
work eventually motivated the nonlinear dynamical analysis presented in Chapter 4.

In order to determine the local optima of the dimensionless power output using the
nonlinear dynamics, a numerical optimization scheme was formulated. An objective
function was formed that takes in the design parameters S,, , and 4, as well as the

mechanical damping f,,,, and the excitation A,, A,,, and 6,,,4,. A numerical differential

equations solver — MATLAB’s ode45 function with enhanced error tolerances — is called
using the aforementioned inputs in order to output a numerical solution, y,,'(t), which is
assumed to be periodic with period 27 /. It should be noted that making this assumption
IS unwise, due to the presence of the subharmonic resonance peak. To limit computational
demand, 20 cycles of period 2m/Q are simulated numerically and only the last period of
the solution is retained; the portion of the solution derivative over this final period is treated
as y'(t) for substitution into the power equation with 7, = 2m/Q. Numerical integration
of the power equation then yields an estimate for the dimensionless power output, I1, for
the nonlinear system, which is returned as the output of the objective function. As the
output of the objective function is found using numerical integration, it is expected to be

nonsmooth, motivating the choice of a metaheuristic direct search — specifically,
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MATLAB’s patternsearch function — as the optimization algorithm for finding the local
maxima.

The six excitations used in Chapter 4, as well as the three mechanical damping
values f3,,, = 0 (no mechanical damping), 8,, = 0.01 (typical mechanical damping), and
Bm = 0.1 (high mechanical damping), were used to create 18 different optimization
problems seeking the optimal design parameters £, Q, and A subject to the bounds S,, 0 >
0and 0 < A < 1. For each problem, a grid of 1000 evenly spaced initial points within the
region0 <, <05 0<0Q<2 and0 <A <1 were used to solve each problem for a
collection of 1000 maximizers per problem. The optimization was run using parallel
processing in MATLAB R2018b on a 3.3GHz six-core processor machine with 32GB of
RAM and took approximately 200 hours to complete all 18 sets of damping and excitation

parameters.

D.1 Optimization Results

As predicted by the power output of the linearized system, the vast majority of the
1000 initial points approached the infinite power solution as 3., 1 — oo. The largest value
that could be represented on the machine used for optimization using conventional floating-
point values was approximately1.8 - 103°8; when the objective function exceeded this
value, the output is represented in MATLAB by the special value “Inf,” at which point the
optimization algorithm terminates with a successful exit flag. As local optima are of greater
concern in this analysis, these points were separated from the maximizers with finite
objective function outputs.

All maximizers attained the upper bound on A, providing computational support for
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the conclusion that A* = 1, even in the case of nonlinear rotor dynamics. Thus, only the
remaining design parameters S, and Q need be considered to identify a particular
maximizer; consequently, this makes representing the maximizers as points on an Q vs. £,
plot convenient for visualizing the optimization results — see Figures D-1 through D-4 for
a graphical summary of the maximizers plotted over the contours of the dimensionless
power for the linearized system with corresponding mechanical damping and excitation
input.

It is worth noting that there were almost no differences between the maximizers for
systems with no mechanical damping (8, = 0) and typical mechanical damping (8,, =
0.01). For high mechanical damping (B,, = 0.1), local maxima with finite objective
function value were found only for EX6 — a peak predicted by the linearized power output

— and these results are summarized in Figure D-4.

T T
CSD Linearized Power
x  Nonlinear Maximizer |

Figure D-1 — Summary of maximizers for EX2 and no mechanical damping (8,, = 0).
This result is nearly identical to that of typical mechanical damping (8,, = 0.01) as well
as EX2 with either no or typical mechanical damping (not shown).
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Figure D-1 summarizes the results of optimization for no mechanical damping and
excitation EX2. The majority of maximizers are clustered near the linear or primary
resonance peak at Q = 1 and fall along a set that extends to high levels of electrical
damping. Maximizers for higher electrical damping are closer to Q = 1 than their lower
electrical damping counterparts. There are additional, albeit very few, maximizers at the
low-frequency peak near Q = 1/3 and the high-frequency peak near Q ~ 2.9 — peaks,
possibly due to resonance, that are not predicted by the linearized system. The results for
EX2 with no mechanical damping and typical mechanical damping, as well as EX1 with
typical mechanical damping, are very similar to that of the results presented in Figure D-1,
and are thus not shown; there are, however, some important differences. The additional
maximizers at the low- and high-frequency peaks do not appear in the results for excitations
EX1 and EX2 with typical mechanical damping, and only a single maximizer at the low-
frequency peak appears with excitation EX1 with no mechanical damping. Furthermore,
the maximizers in the typical mechanical damping cases are more tightly clustered near
Q = 1, falling along a set that more closely resembles a curve instead of into clusters spread
in the Q-dimension.

The optimization results for excitation EX3 with typical mechanical damping are
presented in Figure D-2, and are nearly identical to that of EX3 with no mechanical
damping, except that the maximizers are more tightly clustered with greater mechanical
damping. The results for excitation EX3 show some important differences between the
results for excitations EX1 and EX2, namely, the disappearance of the maximizer at the
low-frequency peak, no maximizers with 8, > 0.04, and more maximizers clustered at the

high-frequency peak, this time centered at Q = 2.7.
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Figure D-2 — Summary of maximizers for EX3 and typical mechanical damping. This
result is nearly identical to that of EX3 with no damping (not shown).

The optimization results for excitation EX6 with typical mechanical damping are
presented in Figure D-3. The maximizers in the case are heavily concentrated at both the
linear resonance and high-frequency peaks, with several maximizers also found at the low-
frequency peak. The maximizers for the high-frequency peak now cluster mostly around
Q ~ 2.2, which is lower than with excitations EX1-EX3. Figure D-3 also shows a large
spread of the maximizers in both the Q- and S,.-dimensions. The results of the optimization
for excitation EX6 with typical mechanical damping are very similar to the results with no
mechanical damping, and these are also similar to the results for excitations EX4 and EX5
(all of which all share the same swing arm amplitude, 6,,,,) with typical and no mechanical
damping; there are, however, some important differences. As with the results for
excitations EX1-EX3, higher mechanical damping yields more tightly packed clusters of

maximizers in the Q-dimension; lower excitation frequency also produces the same result.
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Figure D-3 — Summary of maximizers for EX6 and typical mechanical damping. The
results for EX4, EX5, and EX6 for both zero and typical mechanical damping are very
similar.

Excitations EX4-EX6 also show a decrease in the number of large 5, maximizers
as the excitation frequency becomes smaller, which appears to be the opposite trend
observed for excitations EX1-EX3.

Finally, Figure D-4 presents the results for the high mechanical damping case. Only
EX6 produced maximizers with finite objective function value; all other excitations only
produced maximizers as 3., — oco. The primary resonance peak is predicted by the
linearized system, although primary resonance peaks with a local maximum were also
predicted for EX2 and EX3. Being that the linearized system overpredicts the
dimensionless power output near the primary resonance, this could constitute a difference
between the linearized and nonlinear systems. As with other excitations with high swing
arm amplitude, maximizers appear at the high-frequency peak in Figure D-4, clustering

primarily around Q = 2.3.
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Figure D-4 — Summary of maximizers for EX6 with high (8, = 0.1) mechanical
damping. No maxima with finite objective function output were found for any other
excitation.

The findings of the optimization results across all of the mechanical damping and
excitation parameter sets may be summarized as follows:

e For sufficiently low levels of mechanical damping, the maximizers cluster around
three high-power peaks: one at Q ~ 1/3, one near the linear resonance at Q = 1,
and one somewhere between Q =~ 2 and 0 = 3.

e Results differ qualitatively more across different swing arm amplitudes than across
swing arm frequency.

e For the high-amplitude swing arm input (EX4-EX6), higher frequency excitation
produces more maximizers at higher electrical damping. The opposite seems to be
true for the low-amplitude swing arm inputs (EX1-EX3).

e The linear resonance peak overpredicts the nonlinear primary resonance peak, and

nonlinear resonance occurs to the left of Q =~ 1.
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e Maximizers are more closely clustered in the Q-dimension for less energetic
excitations and when more damping is present, and are more spread when
excitations are energetic and less damping is present.

The last point in the above summary suggests that part of the reason for the
spreading of the maximizers in the Q-dimension could be transient effects; study of
individual solutions using the design values for various maximizers appears to confirm this
hypothesis, as several design points result in solutions that are not periodic at the end of
the time period over which the solutions were integrated. Neighboring points sometimes
achieve periodic behavior, resulting in many local maxima at the peak values of Q. Recall
that 20 cycles of period 27 /Q was selected as the length of time over which solutions were
numerically integrated in order to limit computational demand; this arbitrarily-chosen
integration timespan is not sufficient for many of the solutions to become periodic.
Assuming chaos (long-term aperiodic behavior) is not the reason for the lack of
convergence to periodicity, increasing the number of cycles over which the numerical
solutions are integrated should reduce the disparities in Q values of the maximizers.

For computational support of this hypothesis, consider the maximizers with finite
objective function output for excitation EX6 and typical mechanical damping presented in
Figure D-5; this represents the optimization problem with some of the least tight clustering
of maximizers. The maximizers from this problem were used as initial points in a new
problem with identical mechanical damping and excitation, but with a solution time span
of 200 cycles of period 2m/Q. The results are summarized in Figure D-5, showing much

tighter clustering of maximizers, as expected.
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Figure D-5 — Summary of results for EX6 with typical mechanical damping, run using
200 swing arm cycles.
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Consider the planar model for an unsprung eccentric rotor harvester

b, + b, . a,(t) a,(t) N
mlz+1gy 7 osy + e siny+6(t) =0 (E-1)

v+
where y is the displacement of the eccentric rotor relative to the harvester housing
coordinate frame as measured from the —y basis vector, b, and b,, are the electrical and
mechanical linear viscous damping coefficients, respectively, m is the mass of the rotor, [
is the distance from the rotating center to the rotor’s center of gravity, I, is the inertia of
the rotor about its center of gravity, l.fr is the effective length, defined as l,fr =
(ml2 + Ig)/ml, a,(t) and a, (t) are the input linear accelerations of the harvester housing
(which typically include gravitational acceleration) in the x and y directions, respectively,
6(t) is the input angular acceleration of the housing, and overdots represent differentiation
with respect to time.
Additionally, consider the approximate excitation imposed on a harvester (E-1)
mounted on the distal end of a driven pendulum acting in a gravitational field, with gravity

acting as an effective acceleration of the harvester frame of reference:

 be+by 1 |
Y+ nlelz + TIZJ Yy + leff [Hmax(g - larmwz) Sin a)t] cosy
Hrznax Hrznax larm wz
1 - -
s lg ( i )7 2 (E-2)
2 g 2 : _ 2 .
+ 05ax (E + lpmw ) cos Zwtl siny = w?6,,,, Sin wt

Let wy =/ g/lar-m be the natural frequency of the swing arm. Then (E-2) may be

nondimensionalized by the introduction of the following normalized variables: time 7 =
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wot , electrical damping B, = b, /(2we(mi? + 1 , mechanical damping £, =
g

bm/(Za)O(ml2 + Ig)), excitation frequency Q = w/w,, effective length 4, = Loz /lgrm.

Equation (E-2) may now be written as

6
Y'+ 2B + Br)Y + %(1 — Q?)sinQt cosy
1

(E-3)

02 1 1 1 1
4+ = [— (QZ — —) + (QZ + 5) cos Zwt] siny + A—sin %
1

= w?0,,4, Sin wt

Thus, what started as an equation with independent variable t, five harvester
parameters m, [, Iy, b,, b,,, and four excitation parameters 6,,,,,, w, g, and lg,.., has been
reduced to the equivalent, dimensionless equation with independent variable t, three
harvester parameters A, ., and f3,,,, and two excitation parameters 6,,,, and . One may
be concerned, then, that the choice of nondimensionalization in Chapter 4 is suboptimal;
that choice also yields three harvester parameters Q, S., and S,,, but three excitation
parameters, 8,4, Ay, and A,,. This is a valid concern; however, the choice to use the latter
nondimensionalization was motivated by the following observations:

e Choosing to scale (E-1) by the natural frequency of the driven pendulum is
unusual, and will likely result in solution derivatives y’ and y'* achieving
values that are not close to unity.

e The excitation parameter I, iS selected as the scaling factor in the

definition of the dimensionless effective length A, because it is the only

available parameter (in the sense that it is not a design parameter to be
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determined) with dimension of length. As [ .., IS an arbitrary length, the
optimal values of A, will likely not be especially meaningful.
e Evaluating the values of the linear acceleration amplitudes A, and A,, is

useful in determining to what extent each acceleration direction contributes
input to the harvester system.

e Reducing the number of excitation parameters doesn’t yield many benefits
computationally. The excitation is fixed before numerical solutions are
computed, and evaluating the value of an additional excitation parameter
results in a negligible amount of computational overhead.

However, it should be noted that treatment of (E-3) has been perfunctory, and it is
quite possible that the scale used to derive (E-3) better provides insights into rotor behavior

than the scale used for the work presented in Chapter 4.
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Abstract: A tremendous amount of research has been
performed on the design and analysis of vibration energy
harvester architectures with the goal of optimizing power
output. Often, little attention is given to the actual char-
acteristics of common vibrations from which energy is
harvested. In order to shed light on the characteristics of
common ambient vibration, data representing 333 vibra-
tion signals were downloaded from the NiPS Laboratory
“Real Vibration” database, processed, and categorized
according to the source of the signal (e.g. vehicle,
machine, etc.), the number of dominant frequencies, the
nature of the dominant frequencies (e. g. stationary, band-
limited noise, etc.), and other metrics. By categorizing
signals in this way, the set of idealized vibration inputs
(i.e. single stationary frequency, Gaussian white noise,
etc.) commonly assumed for harvester input can be corro-
borated and refined. Furthermore, some heretofore over-
looked vibration input types are given motivation for
investigation. The classification determined that, of the
set of signals used in the study, 64 % of the animal source
signals are best described with nonstationary dominant
frequencies, 58% of machine source signals are best
described with stationary frequencies, and vehicle source
signals are poorly described by any one signal type used
in the classification. Nonlinear harvesters with a cubic
stiffness term have received extensive attention in the
scholarly literature; a numerical simulation and optimiza-
tion procedure were performed using several representa-
tive signals as vibration inputs to determine the
prevalence with which such a nonlinear harvester archi-
tecture might provide improvement to power output. The
analysis indicated that a nonlinear harvester architecture
may prove beneficial in increasing power output over a
linear counterpart if the signal contains a single, domi-
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nant frequency that is not stationary in time, as evidenced
by a 14% increase in harvester power output when
employing an architecture with a nonlinear cubic stiffness
function. Other studies have indicated that nonlinear
architectures may be beneficial for signals with nonsta-
tionary frequencies or filtered noise. 53 % of the all char-
acterized signals fall into categories that could potentially
benefit from a nonlinear oscillator architecture.

Keywords: energy harvesting, nonlinear harvesters,
optimal architectures, vibration classification, vibration
database

Introduction

In order to extract sufficient power for a given applica-
tion, vibration energy harvesters (VEHs) are typically
high Q (10-100) resonant oscillators. Thus, their operating
bandwidth can be quite narrow. This has motivated an
extraordinary amount of research work on methods to
increase the operating bandwidth of VEHs (Dagaq et al.
2014; Neiss et al. 2014; Roundy et al. 2005; Wu et al. 2013;
Zine-El-Abidine and Yang 2009). Such methods include
multi-mode dynamic structures, active frequency tuning
by both mechanical and electrical means, and nonlinear
dynamic structures. Of course, if the vibration source is
dominated by a single stationary frequency, a linear
oscillator-based energy harvester is the optimal energy
harvesting structure (Halvorsen et al. 2013; Heit and
Roundy 2015; Mitcheson et al. 2008; Williams, Woods,
and Yates 1996).

In the search for methods to improve the operating
bandwidth of VEHs, careful examination and quantifica-
tion of the types of vibrations that appear frequently in
environments conducive to energy harvesting often
become a secondary priority; to our knowledge, there
has not been a systematic study of the prevalence of
vibration sources geared towards determining which
VEH structure would be most appropriate for a given
source.

The current study seeks to provide additional
insight into the prevalence and characteristics of
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vibrations commonly encountered in the environment.
A broad range of vibrations from the existing NiPS
Laboratory “Real Vibration” database is classified
using metrics that capture vibration properties that are
relevant to VEH design. A comparative analysis of two
types of energy harvesting architectures — linear, and
nonlinear with a cubic stiffness function — is performed
on several representative signals in order to quantify
the degree to which a nonlinear architecture could
improve power output over a linear architecture, if
at all.

Methodology for Classifying Vibrations

The NiPS Laboratory “Real Vibration” database is a
library of downloadable vibration signals collected from
several types of acquisition kits (Neri et al. 2012). Each
signal in the database consists of 3 axes of vibrational
data; linear acceleration of X, Y and Z, measured in units
of g. Each of the 3 axes is treated as an independent
signal for processing purposes. DC bias was removed
from each signal axis by subtracting the mean value
from the data.

A classification system has been developed for the
study that has been previously published (Rantz and
Roundy 2016) and is only briefly summarized here.

Signal Sources

The “source” classification of a signal is a broad cate-
gorization of what kind of system produced the vibra-
tion, as determined by the signal metadata. Source
classifications include Animal, Machine, Vehicle,
Structure, or in the case that the source of the vibration
cannot be surmised with confidence, Unknown.

Spectrogram Parameters

The entire NiPS database of vibration signals was down-
loaded and processed into spectrograms for each of the 3
axes, using several sets of processing parameters, gener-
ating several spectrograms per vibration signal.

In order to make dominant signals more apparent, a
filtering technique was employed based in linear VEH
theory. According to the Velocity Damped Resonant
Generator (VDRG) model (Mitcheson et al. 2004), the
upper bound on average power output of a linear VEH
subject to harmonic excitation at resonance is:
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B A’m{,
4w +0,)?

where A is the input acceleration amplitude, m is the
seismic mass, {,, is the mechanical damping ratio, and
(. is the electrical damping ratio. (Mitcheson et al. 2004).

Notice that the leading terms A% and w in (1) are
properties of the input alone. Determining dominant fre-
quencies is a major component of the classification system
presented in this study; thus, in order to make classifica-
tion more straightforward, spectrograms filtered by only
plotting frequency content that is greater than V> the max-
imum value of A?/w in each FFT frame were plotted along-
side unfiltered spectrograms. This filtering process made
“dominant” frequencies more distinct, resulting in easier
classification of the signal. See Figure 1 for an example
spectrogram. Refer to (Rantz and Roundy 2016) for more
information on the spectrogram generation procedure and
subsequent signal classification.

@

avg

Car highway (Y Direction)

Frequency (Hz)
38888
Acceleration (mg)

Frequency (Hz)
&
Acceleration (mg)

3

Time (s)

Figure 1: Filtered (top) and unfiltered (bottom) spectrogram used for
classification.

Signals with Distinct Dominant Frequencies

Knowledge of the frequencies at which the input power is
concentrated has major implications in the design of a
VEH architecture, and is therefore of critical importance
in any classification scheme intended to shed light on the
kinds of vibrations that could be encountered by VEHs.
A dominant frequency in the context of this study is
a distinct frequency in the signal spectrogram at which
the value of A%/w is large relative to other frequencies
that persists for a substantial duration of the signal.
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Vibration signals may have zero, one, or more dominant
frequencies. Note that the term dominant frequency is
derived from the degree to which a particular frequency
dominates (in terms of A?/w value) a single FFT
window, and is thus somewhat of a misnomer; a domi-
nant frequency need not remain at a single frequency
throughout the length of the spectrogram.

The time-varying behavior of the dominant frequen-
cies throughout the duration of the signal is also used for
classifying the signal. A dominant frequency is consid-
ered stationary if the frequency at which it occurs does
not change much during the length of an input signal. It
is possible for some, all, or none of the dominant
frequencies of a signal to be stationary.

Signals without Distinct Dominant
Frequencies

Many vibration signals do not have distinct, dominant
frequencies. Many of these signals can be best described
as white noise and filtered noise. For simplicity of classi-
fication, two classifiers were employed in this study to
describe signals without distinct, dominant frequencies:
White Noise and Filtered Noise.

Amplitude and Noise Tags

Vibrations with inconsistent acceleration amplitudes
present unique challenges to nonlinear VEH designs,
where both the amplitude and frequency of an input
vibration have the capacity to dramatically affect the
power output. In order to catalog vibrations with signifi-
cant swings in amplitude without creating another clas-
sification dimension, an amplitude tag is applied to all
vibrations that change at least (an arbitrarily selected)
50 % over the length of the signal.

Classification Methodology

The entire NiPS database of signals was first down-
loaded, along with the signal metadata, by virtue of an
automated script; at the time of execution, the script
downloaded a total of 329 different signals, each with
X, Y and Z channels. Spectrograms were then generated
for each axis of the signal. The signals, with their asso-
ciated metadata and spectrograms, were then manually
inspected. Signals that did not meet minimum quality
criteria were discarded. This process removed 218
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signals, leaving 111 left for the study. The classification
of each spectrogram was performed manually, by visual
inspection of both the spectrogram image file, as well as
the (interactive) MATLAB-FIG file.

Vibration Classification Results

Breakdown of Signals by Source

A total of 333 spectrograms were analyzed for the study.
A breakdown of all signals by source classification is
presented in Figure 2.

All Signals by Source Classification

Unknown, 21
Structure, 33

Animal, 66

Vehicle, 147 _-

Figure 2: All 333 signals from the study, sorted by source
classification.

Breakdown of Signals by Spectrogram
Classification

A breakdown of all signals by spectrogram classification
is presented in Figure 3.

Most of the signals analyzed in the study can be
classified as having a single, dominant frequency. Over
a quarter of the total signals can be characterized as
lacking a dominant frequency, and are better described
by either the White Noise or Filtered Noise categories. A
relatively small number of the signals could be classified
as having more than one distinct, dominant frequency.

Breakdown of Individual Source
Classifications

Perhaps the most important results concern how the sig-
nals were characterized for each source. Figure 4 shows the
breakdown of characterizations for the Animal sources
analyzed in the study.
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All Signals by Spectrogram
Classification

Filtered
Noise,
55

White Noise,
41

5 Dominant, 1 Dominant,
1 ) / 176
3 Dominant,
10

2 Dominant, _~~
39

Figure 3: All 333 signals from the study, sorted by spectrogram
classification.

Animal Sources

2%

= All Nonstationary ‘
= Some Nonstationary
= All Stationary

7

= Filtered Noise
1%

Figure 4: Breakdown of animal sources.

The majority of Animal signals can be described as hav-
ing dominant frequencies that are nonstationary.

Figure 5 shows the breakdown of characterizations
for Machine sources. In this case, the vast majority of
signals exhibit either stationary frequencies or are best
characterized as noise.

Machine Sources

3%
= All Nonstationary

= Some Nonstationary
= All Stationary

= Filtered Noise

V

= White Noise

= NA

Figure 5: Breakdown of Machine sources.
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Vehicle Sources

1%
|

= All Nonstationary

= Some Nonstationary
= All Stationary

= Filtered Noise

= White Noise

=NA

Figure 6: Breakdown of vehicle sources.

Figure 6 shows the breakdown of characterizations for
Vehicle sources. Vehicle sources have the most variability
in their characterizations; no single category dominates
over the others. Dominant frequencies constitute the lar-
gest combined category, making up 62 % of the classifica-
tions. The largest single category is “All Nonstationary,”
consuming 31% of the total characterizations. This is,
perhaps, no surprise; as a vehicle accelerates and decele-
rates, it is reasonable to assume that the vibrational char-
acteristics will vary with time. “All Stationary” is the
second largest category. This may be explained by
steady-state vehicle motion; a car moving at constant
speed on a highway, for example, may not have any
vibrational characteristics that change over the length of
the signal.

Figure 7 shows the breakdown of characterizations
for Structure sources. For this analysis, a “structure”
relates to infrastructure items such as bridges, high-
ways, and buildings. The majority (64 %) of the signals
derived from Structure sources can best be described as
“noisy.”

Structure Sources

3%

= All Nonstationary
= All Stationary

= Filtered Noise

= White Noise

= NA

Figure 7: Breakdown of structure sources.
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Amplitude Tag

Recall that another important piece of information rele-
vant to VEH design is the time dependence of the vibra-
tion amplitude, and that this information is conveyed in
this study by virtue of an amplitude tag. The amplitude
tag can be applied to all classifiable signals; that is,
signals not classified as “NA.”

Figure 8 displays the frequency with which the
amplitude tag was applied to signals, sorted by source
classification. It is very clear that time-dependence of
vibration amplitude is common in real-world vibration
signals, regardless of source.

Method for Comparing Linear and
Nonlinear Harvester Architectures

Two vibration energy harvester architectures — one linear,
and one with a nonlinear cubic stiffness function — were
compared using six representative input signals in order
to determine the degree to which the introduction of
nonlinearity improves power output, if at all.

The power extracted from the harvester via the elec-
tromechanical transducer is assumed to act as an ideal
linear damper, as in the VDRG model (Mitcheson et al.
2004). The harvester architectures under consideration
may all be described by:

©)

mZ+ (bm+be)z+fs(z) = -y

R. Rantz and S.

172

Roundy: Characterization of Real-world Vibration Sources =—— 71

where z is the relative displacement between the base of
the harvester and the harvester seismic mass, m is the
seismic mass, b,, is the mechanical vicious damping
coefficient representing mechanical losses, b, is the elec-
trical damping coefficient representing the damping
imposed by the power transduction mechanism, fy(z) is
the restorative force, and y is the displacement of the
base; consequentially, the term y represents the input
vibration described by an acceleration signal. A sche-
matic of the system model described by eq. (2) can be
found in Figure 9

Figure 9: A schematic of the system model described by (2).

In the case of a linear harvester, the restorative force is
proportional to displacement:

fs(z) €))

where k is the linear spring constant. Equation (3) in
conjunction with eq. (2) represent the VDRG model
(Mitcheson et al. 2004). A cubic stiffness function is
employed for the nonlinear harvester architecture:

kz

Prevalence of the Amplitude Tag by Source

Structure Unknown

15 6

Classification
160
] 140
3, 120
«“ g
5.5 100
335 80
£
2 z 60
= O 40
&= 20
0 5 : :
Animal Machine Vehicle
®No Amplitude Tag 15 18 36
®m Amplitude Tag 51 46 110

16 9

Figure 8: Prevalence of the amplitude tag, broken down by source classification.
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f(z) =pz+az’ (4)

where f is the linear stiffness coefficient, and a is the
cubic stiffness coefficient. When the stiffness function
described in eq. (4) is substituted into eq. (2), this
becomes the familiar Duffing oscillator excited by the
input vibration — Y. When posed in this form, equation
eq. (4) conveniently encapsulates a range of qualitatively
different nonlinear architectures (Daqaq et al. 2014). If
B>0,a=0, then eq. (4) reduces to eq. (3); that is, the
restorative force is linear. If 820, a>0 (a<0), the restora-
tive force can be viewed as a hardening (softening)
spring. Finally, if f<0,a>0, the resultant system is bis-
table in nature, characterized by two potential energy
wells corresponding to two stable equilibria separated
by a potential barrier.

In order to approximate a ceiling on the power that
a harvester architecture could achieve, optimization
must be performed on the system parameters with the
goal of maximizing power dissipation through the elec-
trical damper for a given input signal. The seismic mass,
m, and the mechanical damping, b,,. from eq. (2) were
considered to be fixed parameters for both linear and
nonlinear architectures with values of 1 and 0.02,
respectively. The electrical damping, b., was an optimi-
zation parameter for both architectures.

For the linear architecture exhibiting a stiffness func-
tion described by eq. (3), the only additional parameter
over which optimization was performed was k, the linear
stiffness coefficient. Thus, candidate solutions for the
optimization of the linear harvester architecture were
two-dimensional, consisting of an electrical damping
value, b,, and a stiffness value, k.

For the nonlinear architecture exhibiting a stiffness
function described by eq. (4), two additional optimiza-
tion parameters were introduced: f, the linear stiffness
coefficient, and a the cubic stiffness coefficient.
Thus, candidate solutions for the optimization of the
nonlinear harvester architecture were three-dimen-
sional, consisting of an electrical damping value, b,, a
linear stiffness coefficient, 8, and a cubic stiffness coef-
ficient, a.

An objective function was formed relating the rele-
vant harvester optimization parameters to the power
output of the harvester subject to a particular input
signal. The relevant design parameters were the input
to the objective function; these parameters were used to
populate the values in the differential equation that
describes the system in eq. (2) and a numerical solver
was used to compute the relative motion of the seismic
mass in response to the signal input. Having solved for
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the relative velocity of the mass over the length of the
signal T, the power dissipated in the electrical damper
was computed via numerical estimation of
Payg =be [OT 2%dt, which was then returned as the output
of the solver. The goal of the optimization was to find
the design parameters that maximize the harvester out-
put power.

A Pattern Search (PS) algorithm was used in
MATLAB (Mathworks 2016) to determine the optimal
design parameters for the linear and nonlinear architec-
tures under consideration. Because the objective func-
tion requires the numerical solution of eq. (2) subject to
fairly long input signals, it was deemed too costly to
employ a search method (which may require many func-
tion evaluations) in order to inform an initial point for
the optimization algorithm. Therefore, in an effort to
improve the likelihood that the optimization algorithm
converged on or near the global maximum, the algo-
rithm was run multiple times for each signal and each
architecture using various initial points, including: a
best guess based on the appearance of the spectrogram
and, in the case of a linear (nonlinear) architecture, the
points near the optimal output for the nonlinear (linear)
architecture.

Finally, in order to compare the architectures, the
percent change in power from the optimal linear har-
vester to the optimal nonlinear harvester (found using
the PS algorithm) was computed for each representative
signal used for the comparison.

Linear and Nonlinear Architecture
Comparison Results

Optimal harvester designs were determined using the
methodology described in Section 4 and the percent
improvement over linear architectures was computed.
Approximate values for the percent improvement, as
well as values for the optimal 8 and a, are presented in
Table 1.

A linear harvester architecture generally performed
as well as the nonlinear harvester architecture in all but
one case — Car in highway/X/171 — where the introduc-
tion of a nonlinearity in the restorative force resulted in a
14 9% improvement of power output over the linear coun-
terpart. As can be seen in Table 1, this single case is also
the only significantly nonlinear architecture determined
to be optimal by the PS algorithm; in the other cases, the
a value (which determines the degree of nonlinearity) is
several orders of magnitude lower than the B value,
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Table 1: Comparison of optimal linear and nonlinear harvester architectures.

Signal Title/Direction/Number # Dominant frequencies  Nature Improvement  Nonlinearity f [
[Nm~-1] [Nm~-3]

Air Pump/Z/47 2 All Stationary 1%  Hardening 77.6 - 10° 13

Airplane, light turbulence/X/161 >2 0 Stationary <1%

Car in highway/X/171 1 0 Stationary 14%  Softening 14.1-10° -99.6-10°

Chicago metro/Z/165 1  Stochastic 1%  Hardening 67.7 - 103 1.0

Electric hand shaver/Z/191 1  Stochastic <1%

Car highway/Y/229 2 0 Stationary <1%

suggesting that the optimal harvester architecture is very
nearly linear in these cases.

Discussion

Classifications and Relationship to VEH
Design

The study classified a broad range of vibrations from an
existing database in order to inform the VEH researcher
of the prevalence and characteristics of vibrations seen in
real world environments.

The study of 333 signals from the NiPS Real
Vibrations database resulted is several interesting con-
clusions about the available dataset:

The majority of signals do not maintain constant
amplitude excitations. This appears to be the case regard-
less of the source classification.

No single vibration classification appears to describe a
single source classification universally. With the exception
of the Unknown source classification (not discussed), the
greatest portion that any single signal classification con-
sumes within a single source is 64 % (All Nonstationary,
Animal). This suggests that proper modelling of a signal
from a known source requires more information than
simply the source classification of the signal.

Most Animal sources are best described as having
distinct dominant frequencies that move with time. 65%
of the signals with the Animal source classification have
a dominant component that moved in time. Additionally,
nearly half of the Animal signals were embedded in sig-
nificant levels of noise, as indicated by the number of
signals given the noise tag.

Most Machine sources are best described as having
distinct dominant frequencies that are stationary, and a
substantial portion can best be described using noise. 58 %
of the Machine sources analyzed contained dominant
frequencies that remained stationary with time, and 9%

contained dominant frequencies that moved with time.
30 % of the Machine sources generated spectrograms that
could best be described as “noisy;” that is, 23 % received
the “White Noise” classification, and 7% received the
“Filtered Noise” classification.

No single classification dominates the description of
Vehicle vibrations. Signals with the Vehicle source classi-
fication expressed the most variety in their signal
classifications.

Most Structure sources can be described by some type
of noise. The White Noise and Filtered Noise signal clas-
sifications constitute a combined 64 % of signals that also
have the Structure source classification. Nearly all of the
remaining signals were classified as having stationary
dominant frequencies. Of the signals classified using
dominant frequencies, half received the noise tag.

In the case of the single dominant, stationary fre-
quency, it seems unlikely that a novel structure could
provide any substantial increase to the maximum power
output over a harvester based on a linear oscillator (i. e.
characterized by the VDRG model). In fact, it has been
shown that for the case of a simple harmonic input, a
properly designed linear harvester represents the limiting
case of harvester power output (Halvorsen et al. 2013;
Heit and Roundy 2015). Of all the signals in the study,
approximately 23% are characterized by a single domi-
nant, stationary frequency.

If the signal can be classified as having multiple
dominant, stationary frequencies, then it may be possible
to harvest more power from such a signal than could be
harvested by a well-designed linear harvester. For exam-
ple, a multi-mode or wideband harvester might outper-
form the standard linear oscillator in certain cases. Of all
signals in the study, approximately 6 % are characterized
by multiple stationary frequencies.

For signals with dominant frequencies that move in
time, a tunable harvester would appear to be an appro-
priate architecture choice, depending on the amount that
the frequencies move with time, the characteristic speed
with which the frequencies move, and the tuning power
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costs of the harvester. Wideband harvester architectures
could also provide benefit for this class of signal; harvest-
ers with multiple vibratory modes, for example, or har-
vesters that employ nonlinear dynamical structures have
the potential to provide an increase in power over a linear
counterpart with a single resonant peak.

Comparison of Linear and Nonlinear
Architectures

Much research has been focused on wideband harvesters
exhibiting a nonlinear stiffness function, usually charac-
terized by a cubic stiffness function. Thus, it is worth-
while to investigate how often — in the sample set
characterized here — this architecture might provide a
significant benefit over a standard linear harvester
design. As previously mentioned, such nonlinear harvest-
ers may provide a potential improvement in cases with
multiple dominant frequencies or a single moving fre-
quency. Hoffmann (Hoffmann, Folkmer, and Manoli
2012) showed an improvement of 479% for a test case
in which the frequency was linearly swept between a low
value and a high value using a monostable nonlinear
harvester when compared a linear architecture reference
design. The amplitude was held constant for this test
case. In the same study, a bi-stable harvester showed
very little improvement for multiple stationary frequen-
cies. However, nonlinear harvester architectures repre-
sented a significant improvement for an input
consisting of band-limited noise. Dagaq (Dagaq 2011)
has shown that the shape of the potential function does
not affect the power that can be harvested from white
noise. Therefore, it is reasonable to conclude that the
categories where a significant improvement could be
made from a nonlinear harvester are single dominant
nonstationary frequency, filtered noise, and multiple
dominant stationary frequencies. Taken together, these
comprise approximately 53% of the total signals. It
should be noted, however, that such nonlinear structures
have a strong amplitude dependence and the majority of
signals analyzed have shifting amplitudes. Thus, the real
percentage of signals for which a nonlinear design would
represent an improvement over a linear design will be
somewhat lower.

The comparison of linear and nonlinear harvester
architectures described in Section 4 resulted in Table 1
in Section 5. Table 1 suggests that a nonlinear harvester
architecture with a cubic stiffness function (softening
type, a nonlinear monostable configuration) can improve
power output when the input signal can be best
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described as having a single dominant frequency that
moves in time; this conclusion is consistent with results
from Hoffmann (Hoffmann, Folkmer, and Manoli 2012).
For the particular signal under consideration, however,
the power was only 14% greater than the linear
counterpart.

For the other signals described in Table 1, the non-
linear architecture did not appear to significantly
improve power output over a linear counterpart; a linear
harvester came within 1% of the power output of a non-
linear harvester in all but a single case. This suggests
that, in at least these cases, a linear harvester architec-
ture could provide optimal power output.

Limitations of the Study

There are numerous limitations to the study:

Uncertainty in measured data. As previously
described, nearly 2/3 of available signals were discarded
due to poor quality. Of the signal data that appeared to
be useful to the study, the majority were measured using
an iPhone as the data acquisition system. This raises
several concerns as to the validity of the data; namely,
it is unknown if the uploader is qualified to be making
careful measurements of the vibration signals, the iPhone
sampling rate is limited to 100Hz in the database, there
are no specifications regarding the recording conditions
(mounting and placement of the iPhone, events that
occurred during recording, etc.), the iPhone model used
for recording is unknown, and at least one source (Allan
2011) states that the maximum resolution of a particular
iPhone accelerometer model is 18 mg. Thus, many of the
signals that passed the crude quality check may not be
valid representations of the phenomena that was
intended for recording.

Subjectivity of analysis. One inescapable consequence
of having a human visually examine spectrograms for the
purpose of signal classification is the subjectivity of the
resulting classifications; although efforts were put in
place to prevent obvious misclassification (such as fixing
the definition of a particular signal classification before
classification began), in many cases, two observers may
disagree on the classification of a particular signal. For
example, a signal that appears to be characterized by a
single dominant frequency embedded in noise to one
observer may appear to be better characterized as filtered
noise to another observer.

The comparison of linear to nonlinear harvester
architectures described in Section 4 also suffers from
several limitations that make generalization of the results
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difficult. Firstly, the output of the PS optimization algo-
rithm is highly dependent on an initial point as a first
iterate (Mathworks 2016). Because of the computational
cost of objective function evaluations (which involves
numerically solving (2) over lengthy input signals) a
search method that could inform the initial point for the
PS algorithm (which would likely require many objective
function evaluations) was abandoned in exchange for a
“best guess” based on the appearance of the signals’
spectrograms. Consequentially, it is possible that entire
basins of attraction were overlooked by the PS algorithm,
and the optimal points at which the algorithm arrived
represent locally optimal designs. Furthermore, limits on
the accuracy of the numerical solver output, limits on the
mesh resolution of the PS algorithm, as well as chaotic
motion that could be exhibited by a nonlinear harvester
architecture subject to the representative signals used for
the comparison, will result in an objective function that is
nonsmooth over the solution space; therefore, even if one
could guarantee that the initial point for the PS algorithm
is placed in the basin of attraction that contains the
global optimum, it could not be guaranteed that the PS
algorithm could find the global optimum. As a result of
these shortcomings, it cannot be stated with certainty
that the cases in which a nonlinear harvester architecture
did not appear to improve power output over a linear
counterpart represent cases in which a nonlinear har-
vester architecture could not improve power output over
a linear counterpart.

Future work would include a more refined approach
in comparing linear and nonlinear VEH architectures.
One potential improvement to the proposed method
would involve applying a search method to the optimiza-
tion procedure in order to inform the initial point of the
PS algorithm. Such search methods can help to ensure
that multiple basins of attraction are considered in the
solution space, improving the likelihood that the final
output of the PS algorithm is the global optimum.

Conclusions

333 vibration signals from the NiPS Laboratory “Real
Vibration” have been characterized and classified by key
vibration characteristics. A primary goal of this classifica-
tion is to provide insight into the design of vibration
energy harvesters (VEHs). Determining the prevalence of
vibration signals for which standard VEH architectures are
optimal is of particular interest. The vibrations were clas-
sified by source (i. e. machine, animal, vehicle, structure,
unknown). The signals were further characterized by the
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number of dominant frequencies, whether these frequen-
cies are stationary or move with time, or whether the
signal was best characterized by noise, either broadband
or filtered. A comparative analysis of linear and nonlinear
harvester architectures was performed using six represen-
tative signals as inputs. The results of the comparison
suggest that a nonlinear harvester architecture exhibiting
a cubic stiffness function may offer improvement over a
linear counterpart if the input signal can best be described
as having a single dominant frequency that moves in
time; for the particular signal under consideration, the
degree of power improvement was 14 %. However, a linear
architecture performed approximately the same for the
remaining five representative signals used in the compara-
tive analysis. A qualitative analysis of the set of signals
used in the study indicates that a standard linear oscillator
harvester is likely the best design for at least 23% of the
signals and that harvesters with the common cubic non-
linear stiffness function could offer an improvement at
most 53% of the time; this is an initial conclusion based
on signal classifications and more study is required to
refine this result.
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