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Abstract
The frequency dependence of the maximum output power and efficiency of two wireless power
transfer systems (WPTSs), resonant inductive coupling (RIC) and magnetoelectric (ME), are
investigated. We find that in the weak–coupling regime, the power optimization and efficiency
maximization problems are equivalent and yield the same optimal load and frequency. These
properties apply to both topologies under consideration. Despite the apparent difference in the
energy conversion mechanisms, the two structures result in similar explicit forms of maximum
power delivered to the load, and so does the optimum transfer efficiency. We discuss the
essential role of a figure of merit for each configuration and show how they affect the overall
performance. For a weakly–coupled inductive WPTS, both the maximum transferred power and
efficiency are positively proportional to drive frequency squared. In the case of a ME–based
architecture, the dependence of power and efficiency on frequency is the consequence of the
transducer geometry optimization problem, subject to a volume constraint. Under a constant
mechanical quality factor condition, both quantities are linearly proportional to the operating
frequency. While the focus of this paper is RIC and ME mechanisms, some of the findings are
also valid for relevant inductive energy harvesting or magneto–mechano–electric WPTSs.

Keywords: power optimization, wireless power transfer, energy harvesting,
frequency dependence

(Some figures may appear in colour only in the online journal)

1. Introduction

Wireless power transfer systems (WPTSs) actively transmit
power from a source to a receiver, providing deterministic
control over the generated power [1, 2]. This property has
made wireless power transfer (WPT) a promising means to
supply energy for low power electronics such as wireless

∗
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sensors, especially for implantable devices where using tra-
ditional batteries raises many safety concerns [3–6]. Among
methods based on electromagnetic fields, near–field reson-
ant inductive coupling (RIC) is perhaps the most commonly
used structure [7, 8]. In the last few years, WPTSs utiliz-
ing magnetoelectric (ME) effects have emerged as an attract-
ive alternative, due to their excellent miniaturization potential,
without compromising much of the power delivery capabil-
ity [9–11]. In this work, we narrow our focus to these two
methods.
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Most WPTSs consider the link efficiency, defined by the
ratio between the power delivered to the load and the power
input to the transmitter, as the primary objective. However,
the safety standards regulated by the Institute of Electrical
and Electronics Engineers (IEEE) and the International Com-
mission on Non–Ionizing Radiation Protection (ICNIRP) are
not related to efficiency but to actual power generated at the
receiver side, drive frequency, magnetic flux density, and spe-
cific absorption rates (SARs) [12–14]. The average energy flux
density and average power density carried by an electromag-
netic wave are shown to be proportional to its frequency and
frequency squared, respectively [15]. However, the relation-
ship between the power captured by a receiver and the wave
frequency, which depends on the physics of energy conversion
it obeys, has not been thoroughly studied. Exploring the direct
influence of drive frequency on the generated power of a given
mechanism could create a convenient bridge for designing an
efficient WPTS used for biomedical applications, particularly
when subject to safety requirements.

In contrast to WPT, energy harvesting (EH) systems con-
vert the available energy from environmental sources and
provide enduring power without any ‘cost’ [16]. In recent
years, inductively scavenging energy from current–carrying
structures such as power lines has demonstrated its potential
as an approach to power wireless sensor networks [17–19].
Instead of efficiency, the output power (or sometimes the
power density) is the paramount quantity of interest for an
EH system. Determining the power–frequency dependence in
the relationships with other parameters and how this depend-
ence changes under different scenarios (e.g. resonant or non–
resonant) could bring further insight into these devices.

In this paper, we investigate both the efficiency and output
power of the RIC and ME WPTSs and determine the condi-
tions to maximize these two quantities. The central objectives
are to explore the changes in power generation and transfer
efficiency under the variations of the drive frequency. RIC
WPTS has been largely investigated in the literature. However,
here we not only summarize classic, well–known results but
also further interpret them and explore the unrevealed prop-
erties to form the most comprehensive and universal frame-
work possible for both structures (especially for MEWPTSs).
Other efforts are devoted to introducing a figure of merit for
each configuration and unifying the expressions of power (and
efficiency) of the two architectures in the same general form,
written as a function of the figure ofmerit. Some important res-
ults are also applicable to relevant inductive EH or magneto–
mechano–electric WPT systems.

There are two possible approaches to determining the rela-
tionship between the maximum output power and frequency
under the weak coupling assumption. The first option is to
decouple the system and only consider the transmitter as a
source of magnetic fields. The second choice is to analyze a
complete system that includes the dynamics of the transmitter
and receiver, then apply the weak–coupled condition to invest-
igate the dependence of power on frequency. We aim to prove
that both methods yield the same conclusion. The same point
of view is taken for both RIC and ME WPTSs.

2. Power optimization of WPT at weak coupling
regime and inductive EH

Figure 1 depicts the key concepts of the inductive-based WPT
and EH systems. With the focus on biomedical wearable and
implantable applications, in the following study, we presume
that the coupling between the transmitter and receiver of the
WPTS is weak due to the mismatch between their sizes and
a long transfer distance compared to the receiver dimensions.
Therefore, the impedance reflected onto either of them is also
neglected. The transmitter is now considered a source of mag-
netic waves that can provide any field strength at any fre-
quency. This analysis, therefore, applies to both EH systems
that scavenge energy from magnetic fields available in the
environment and weakly–coupled WPTSs.

For a given magnetic flux density B, the magnetic flux
passing through a surface S is

Φ=

¨

S

B · dS

= B ·S= BScosθ (1)

where B is the magnitude of the magnetic flux density, S is
the surface area, and θ is the angle between the magnetic field
lines and the normal (perpendicular) to S. For the sake of sim-
plification, from now on we consider θ= 0 unless otherwise
stated; equivalently, Φ= BS.

Considering a solenoid coil ofN turns exposed to a uniform
magnetic flux density B as illustrated in a close-up view of
figure 1, according to Faraday’s law of induction, the induced
electromotive force (EMF) is

VEMF =−NdΦ
dt

=−NSdB
dt

. (2)

With a time harmonic magnetic flux density B(t) =−B0 sinωt
of angular frequency ω, the EMF can be written as
VEMF = V0 cosωt where

V0 = ωB0NS. (3)

Given receiver geometry, V0 is proportional to ω. When a
planar spiral coil is used,V0 = ωB0

∑N
i=1 Si where Si is the cor-

responding area of the ith turn.
When connecting the two terminals of the receiver (or har-

vester) with an electrical load, the EMF becomes a voltage
source of the circuit. The power induced in the load then
depends on themagnitude and frequency of themagnetic fields
and the impedance characteristics of the receiving system.
The primary aim of this section is to explore the relationships
between the maximum generated power and the frequency
under different scenarios that can take place in practice.

2.1. A general model for small-scale receiver coil

We first investigate the maximum possible power that a
receiver or harvester can provide by considering a single-coil
resonator loaded with a resistance. A general model of this
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Figure 1. Concepts of a weakly-coupled WPTS and an inductive
energy harvester.

Figure 2. A general model of a coil resonator as a magnetic energy
harvester or receiver.

Figure 3. Thévenin equivalent circuit.

resonator is shown in figure 2, in which an external capacit-
ance C is in series with the coil inductance L. In many cases,
the coil parasitic capacitance Cp is relatively smaller than C
and is neglected. However, Cp may have a significant impact
on the dynamics of the receiver and the performance of the
output power in principle [20]. Therefore, it is included for a
comprehensive analysis.

A convenient method to examine the output power is to use
the Thévenin equivalent circuit such as that demonstrated in
figure 3. The Thévenin voltage and impedance are derived as
follows,

Vth = V0
1/jωCp

R+ jωL+ 1/jωCp
, (4)

Zth = Zout =
1
jωC

+
1

jωCp

R+ jωL
R+ jωL+ 1/jωCp

. (5)

The voltage across the load resistance and the output power
are given by

VL =
Vth

Zout +RL
RL, (6)

P=
1
2
|VL|2

RL
=

1
2

|Vth|2

|Zout +RL|2
RL. (7)

The impedance matching conditions to achieve the max-
imum power delivered to the load are{

ℜ{Zout}= RL

ℑ{Zout}= 0,
(8)

which yield the optimal values of the load resistance and series
capacitance as

RL =
R

(QQp − 1)2 +Q2
p
, (9)

C= Cp
(QQp − 1)2 +Q2

p

Qp
(
Q−Qp(Q2 + 1)

) (10)

where Q= ωL/R and Qp = ωCpR. The necessary and suf-
ficient condition such that C > 0 is Qp < Q/(Q2 + 1)⩽ 1/2.
This solution leads to the output power

P=
1
8
V2
0

R
=

1
8
(ωB0NS)2

R
, (11)

which is also the largest possible power the receiver can pro-
duce. This maximum power is referred to as the power limit,
denoted as Plim.

From the circuit theory point of view, VEMF and R play a
role as an effective power source for a lossless two-port net-
work formed by {L,Cp,C}, and Plim is the power available for
extraction. In the later stage, the output port of the T–network
is connected to the load resistance RL at which the electrical
energy converted is consumed. Equation (11) is a simple and
efficient means to predict the maximum output power of a
magnetic energy harvester (also known as inductive energy
harvester, a type of generator that can convert time–varying
magnetic fields into electricity) or a weakly coupled WPTS.
Especially in the latter case, there is no need to explicitly
identify the dynamics of the transmitter, the actual coupling
coefficient between the two coils, or the system efficiency, but
only the field strength at the receiver. The wave frequency is
typically known ahead of time.

The results obtained in this section hold regardless of
whetherR is a constant or frequency-dependent. It is important
to note that the power expression (11) can be considered as a
quadratic function of the frequency of the propagating waves
when R is nearly unchanged with respect to frequency. In the
next sections, we study the relationships between the max-
imum output power and the frequency under different scen-
arios in practice where (11) may or may not be reached.

2.2. Case I: low–frequency nonresonant transducer

Magnetic EH systems with a pickup coil usually operate at low
frequencies (several tens of Hz to a few kHz), at which the
reactance of the parasitic capacitance Cp is much higher than
the impedance of the coil and can be considered an open cir-
cuit. Therefore, Cp is disregarded. Furthermore, the required

3



Smart Mater. Struct. 31 (2022) 105026 E Andersen et al

Figure 4. Simplified model for low frequency operation.

Figure 5. Simplified model for intermediate frequency operation.

optimal capacitance C for forming a resonator is too large to
implement. In these circumstances, the general model shown
in figure 2 can be simplified to that in figure 4.

The output power now reads as

P=
1
2
V2
0

RL

(R+RL)2 +(ωL)2
. (12)

Since the two conditions in (8) cannot be satisfied simultan-
eously, the impedance matching condition is then given by
RL = |Zout| where Zout = R+ jωL. In particular, the optimal
load and the corresponding maximum power are

RL = R
√
1+Q2, (13)

P=
1
8
V2
0

R
2

1+
√
1+Q2

< Plim =
1
8
V2
0

R
∀Q. (14)

We note that using the gradient descent method leads to the
same results. At low frequency, L and R are almost con-
stant, V2

0 ∝ ω2 and Q∝ ω. Therefore, P∝ ω when Q≫ 1,
approximately.

2.3. Case II: resonant energy harvester and WPT receiver

We now consider a scenario where Cp is still negligibly small
and is ignored. However, at the same time, there exists suitable
capacitance C connected in series with L to form a resonator.
This configuration is described in figure 5, in which the oper-
ating frequency is usually between a few tens kHz up to a few
tens MHz.

The generated power in this case is computed as

P=
1
2
V2
0

RL

(R+RL)2 +(ωL− 1/ωC)2
. (15)

Similarly, the optimal values of load resistance and output
power are

RL = R
√
1+(Q− 1/Qc)2, (16)

Figure 6. Simplified model for high frequency range.

P=
1
8
V2
0

R
2

1+
√
1+(Q− 1/Qc)2

⩽ Plim∀{Q,Qc} (17)

where Qc = ωRC. At the resonance frequency ω0 = 1/
√
LC,

we have QQc = 1, RL = R, and the equality is attained.
In brief, in order to maximize the output power, the reson-

ance frequency ω0 of the resonator needs to be tuned to match
themagnetic field frequencyω, and the load resistance is adap-
ted to the resistance of the coil simultaneously. Similar to (11),
P∝ ω2.

2.4. Case III: high–frequency WPT receiver

For a WPTS operating at high frequencies (sub–MHz and
above), the effect of the parasitic capacitance is significant
and must be taken into account. On the contrary, the use of
an external capacitor may no longer be feasible. And more
importantly, it may be not necessary. The following analysis
is to clarify this argument.

The equivalent circuit for this circumstance is shown in
figure 6. The power delivered to the load is determined by

P=
1
2
V2
0

RL

|RL +( jωRLCp + 1)(R+ jωL)|2

=
1
2
V2
0

RL

1
[1+R/RL −QQp]2 + [QR/RL +Qp]2

.

(18)

Using the gradient descent approach, the optimal load at each
frequency is

RL = R

√
1+Q2

(1−QQp)2 +Q2
p
. (19)

Moreover, the optimal load and frequency can be simultan-
eously determined by the impedance matching conditions
ℜ{Zout}= RL and ℑ{Zout}= 0 where

Zout =
1

jωCp

R+ jωL
R+ jωL+ 1/jωCp

, (20)

which results in the solution

RL = R(1+Q2), (21)

ω2 = (LCp)
−1 − (R/L)2. (22)

This solution is real for L> CpR2, or equivalently, Q> Qp.
Note that (21) is a particular case of (19) at a specific fre-
quency ω that is given by (22). From (21) and (22), we observe
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that both optimal frequency and load resistance solely depend
on the electrical characteristics of the coil {L,R,Cp}. We also
have the relation 1/Qp = Q+ 1/Q.

At the optimal load and frequency conditions, the corres-
ponding maximum output power is

P=
1
8
V2
0

R
= Plim. (23)

This result shows that P is still able to reach its global max-
imum Plim without the need for an added capacitance. In prac-
tice where the wave frequency is known beforehand, it is
desired to design a receiver coil whose properties satisfy the
condition (22), and the load resistance is chosen based on (21).

The results obtained in this subsection are applicable for
a receiver resonator configured in parallel, in which Cp now
represents the sum of the added capacitance and the parasitic
capacitance. Given the same resonator parameters, the optimal
frequency of the parallel configuration is slightly smaller than
that of the series structure. Meanwhile, the optimal load resist-
ance of the former is higher than that of the latter. Therefore,
choosing which type of connection, series or parallel, strongly
depends on the loading condition.

The findings presented in three cases {I, II, III} together
with a more general form shown in figure 2 can cover the
most commonly used structures in EH and WPT systems.
These investigations provide explicit relationships between the
maximum output power and operating frequency, and at the
same time, show how to reach the power limits under each
circumstance.

2.5. On the constant magnetic field

Considering the weak coupling condition in which the reflec-
ted impedance on the transmit side of a RIC WPTS is neg-
ligible, the generated magnetic field then solely depends on
the transmitter geometry and the current flowing in it. A con-
stant current amplitude that produces a constant B–field can
be accomplished by adapting an external series-capacitance
such that the imaginary parts of the transmitter impedance can-
cel out each other, which is equivalent to forming a resonator.
Under the resonance condition, the input current is a function
of the coil resistance, but not inductance, and therefore is inde-
pendent of frequency. This technique is able to produce con-
stant magnetic field strength over a wide range of frequencies.

3. Efficiency consideration of a RIC WPTS

When the transfer efficiency is chosen as the objective of the
study, the output power is bounded by the power available
from a source. For a given power source, the magnetic field
strength is determined by the current flowing into the trans-
mitter coil, which depends on the input impedance of the sys-
tem that is a function of the operating frequency. Therefore,
B0 is not independent of ω in general. This is the fundamental
difference between the efficiency maximization and power
optimization problems presented in section 2. The efficiency

is obviously always less than unity. However, the dependence
of the efficiency on the drive frequency is still of great interest.

The maximum achievable transfer efficiency for a two-
coil RIC WPTS is asymptotically expressed in the following
form [21, 22]

η =
k2Q1Q2(√

1+ k2Q1Q2 + 1
)2 (24)

where Q1 and Q2 are the unloaded quality factors of the
transmitter and receiver coils, respectively. In particular, Qi =
ωLi/Ri, where i= {1,2}. The coupling coefficient is defined
by k=M/

√
L1L2, whereM is the mutual inductance between

the two coils. Li and Ri are the inductance and resistance
of coil i. The efficiency expression (24) is applicable to
approximate the global optimum efficiency of the four con-
figurations, series–series, series–parallel, parallel–series, and
parallel–parallel [22]. It is essential to note that (24) is attained
if and only if the impedance matching conditions to both
source and load are satisfied, that is{

Rs = R1

√
1+ k2Q1Q2,

RL = R2

√
1+ k2Q1Q2,

(25)

andω = 1/
√
LiCi. The correspondingmaximum output power

is

P= ηPavs. (26)

Here, Pavs = |Vs|2/8Rs is the power available from the source
that is represented by a series circuit with a source voltage Vs

and a resistor Rs. For a given power source, Pavs is defined
and independent of frequency. It is apparent that P is a linear
function of η in the form of y= ax.

Some authors refer the term k2Q1Q2 to as the figure of merit
of a RIC WPTS since it directly determines the magnitude of
the transfer efficiency. An obvious observation is that η always
increases with the increase of k2Q1Q2. Given the geometries
of the transmitter and receiver and the distance between them,
the coupling coefficient is a constant. A convenient approach
to enhance k2Q1Q2 is to enlarge the Q–factors by operating at
higher frequencies.

In the weak coupling regime, k2Q1Q2 ≪ 1, the optimal load
(i.e. the second condition in (25)) is approximately RL ≈ R2.
This result coincides with that in section 2.3, which indic-
ates that maximizing the efficiency is considered equivalent
to optimizing the output power under a given magnetic field
for the weakly coupled condition. At the same time, matching
the source resistance with that of the transmitter coil Rs ≈ R1

maximizes the input power, and as a consequence, the B–field
generated. The maximum efficiency and output power can be
approximated by

η ≈ 1
4
k2Q1Q2, (27)

P≈ Pavs

4
k2Q1Q2. (28)

5
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Figure 7. Maximum achievable transfer efficiency in percentage of
a RIC WPTS with respect to a figure of merit k2Q1Q2.

A comparison between the maximum achievable efficiency
and its estimation at weak coupling is shown in figure 7. Under
the situation where k2Q1Q2 ≪ 1, both η and P are proportional
to frequency squared since Q1Q2 ∝ ω2.

It should be emphasized that, in the low coupling regime,
no matter whether we neglect the reflected impedances on the
transmitter and receiver sides or we consider the dynamics of
the entire system, the quadratic relationship between the max-
imum output power and the frequency always holds. How-
ever, the derivations in section 2.1 are favorable to approx-
imate P since determining the B–field strength generated by
the transmitter at the receiver location is more convenient than
measuring the coupling between the two coils. For a strongly
coupled RIC WPTS with high quality factors, k2Q1Q2 ≫ 1,
η ≈ 1− 2/

√
x+ 2/x→ 1 and P→ Pavs, where x represents

k2Q1Q2.

4. Power optimization of ME WPT and EH

The concept of a ME WPTS is depicted in figure 8, in which
the transmitter is a circular coil similar to that of a RICWPTS,
but the receiver in this case is a ME transducer composed of
twomagnetostrictive layers and one piezoelectric layer instead
of a pick-up coil. The magnetic energy captured by the mag-
netostrictive material is transformed into the vibration of the
ME composite. The vibrational kinetic energy is then conver-
ted to electricity through the direct piezoelectric effect.

It is possible to operate a RICWPTS at different frequency
bands with given geometries of the two coils by choosing
appropriately external capacitances. However, the optimum
operating frequency of a ME WPTS is usually at or near the
mechanical resonance or anti-resonance frequencies. These
two specific frequencies are directly dependent on the receiver
geometry. Therefore, geometry optimization and the power–
frequency relationship are always two inseparable problems

Figure 8. Concept of a ME-based WPTS.

for a ME WPTS. A thorough study to address the relevant
questions was presented in [23].

MechanicalQ–factor, a dimensionless parameter, is widely
used as a criterion to examine the efficiency of a mechanical
system [24]. In order to evaluate the performance of a ME
WPTS as fairly as possible when subject to the change of the
receiver geometric dimensions, we assume that the mechan-
ical quality factor is constant and is independent of the geo-
metry. Following this assumption, it is shown that the max-
imum output power is proportional to the operating frequency
[23]. More importantly, such a property holds regardless of the
magnitude of the volume constraint.

5. Efficiency and figures of merit of a ME WPT

Figure 9 shows an equivalent circuit model to investigate
the overall transfer efficiency of a ME WPTS. The internal
impedance of the source is expressed in a general form of
Zs = Rs + jXs. L1 and R1 represent the inductance and resist-
ance of the transmitter coil, and C1 is an external capacitor
connected in series with {L1,R1}. Ψm is the effective electro-
dynamic transduction factor that relates the input current and
the electromotive voltage Ve to the equivalent force F0 acting
on theME composite and its longitudinal velocity respectively.
Z denotes the mechanical impedance, and b is the mechan-
ical damping coefficient. The coupling between the mechan-
ical and electrical domains at the final stage of the conversion
is represented by the electromechanical transduction factorΓp.
C0 is the nominal capacitance of the piezoelectric element
(parasitic capacitances are typically very small by comparison
to the piezoelectric capacitance), and RL is the load resistance
connected at the output terminals of the ME transducer.

Two widely used criteria to evaluate the performance of
a two-port network are the transducer power gain ηt and the
operating power gain ηp, defined as

ηt =
power delivered to the load

power available from the source
=

PL

Pavs
, (29)

ηp =
power delivered to the load
power input to the network

=
PL

Pin
, (30)

6
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Figure 9. A complete model of a ME WPTS.

in which ηp is usually referred to as the power transfer effi-
ciency or the link efficiency in the field of WPT. ηt is a lower
bound of ηp since ηt ⩽ ηp for any WPTS. We now maximize
ηt and ηp based on impedance matching principle. We choose
Rs,Xs,C1,ω and RL, which are not characteristics of the trans-
mitter or receiver, as objective variables of the optimization
problem.

Ψm,Z,Γp and C0 are derived as

Ψm = ΛH−IΓm = ΛH−I(2wtmd33,m/s
H
33), (31)

Z=−j
(
n

sE11
+

1− n

κsH33

)
A
2v

cot
ωL
2v

, (32)

Γp =−wd31,p/sE11, (33)

C0 = ϵS33wL/tp. (34)

ΛH−I is a coefficient describing the relationship between the
current input to the transmitter coil and the magnetic field
strength it generates at the location of the ME device. ΛH−I is
dependent on the coil geometry, distance between transmitter
and ME device, and the orientation of the ME device relative
to the transmit coil. An example of how to determine ΛH−I

for a thick coil with rectangular cross section is presented in
appendix A. Γm is the magneto-elastic transduction factor (it
is also sometimes referred to as the electrodynamic transduc-
tion factor). The definitions of the material constants and other
necessary quantities are as follows. L and w are the length and
width of the ME laminate, while tp and tm are the thicknesses
of the piezoelectric and magnetostrictive layers, respectively.
d33,m—the piezomagnetic constant. sH33—the elastic compli-
ance at constant magnetic field. sE11—elastic compliance of
the piezoelectric material under constant electric field. d31,p—
transverse piezoelectric charge constant. ϵT33—dielectric per-
mittivity under constant stress. ϵS33—permittivity component at
constant strain with the plane-stress assumption of a thin nar-
row beam (i.e. ϵS33 = ϵT33 − d231,p/s

E
11). κ is the interface coup-

ling coefficient relating the stress transferred between themag-
netostrictive and piezoelectric materials, 0⩽ κ⩽ 1. A,n and
v2 are the cross-sectional area, the thickness ratio, and the
squared speed of sound in the composite, respectively,

A= w(tp + 2tm), (35)

n= tp/(tp + 2tm), (36)

v2 =
1
ρ

n(sE11− d231,p
ϵT33

)−1

+
1−n
κ

(
sH33−

d233,m
µT
33,m

)−1


=
[
n/sD11 +(1− n)/

(
κsB33

)]/
ρ,

(37)

µT
33,m is the magnetic permeability at constant stress. The equi-

valent mass density of the ME laminate is

ρ= nρp +(1− n)ρm/κ (38)

where ρp and ρm are the mass densities of the piezoelectric and
magnetostrictive materials, respectively.

Writing Z in the form of Z= jZ0, the input and output
impedances are

Zin = jωL1 +
1

jωC1
+

Ψ2
m

ZM
+RL, (39)

Zout =

1
jωC0

jZ0 +ZN + b
Γ2
p

1
jωC0

+
jZ0 +ZN + b

Γ2
p

(40)

where the intermediate parameters ZM and ZN are

ZM = Z+ b+Γ2
p

RL

1+ jωRLC0

= jZ0 + b+∆Kp
τp

1+ jωτp
,

(41)

ZN =
Ψ2

m

jωL1 +
1

jωC1
+R1 +Rs + jXs

, (42)

with ∆Kp = Γ2
p/C0 and τp = RLC0.

In order to form a resonator at the transmitter side, C1

is determined by the relation jωL1 +( jωC1)
−1 = 0, which

results in

C1 = (ω2L1)
−1, (43)

then Zin = R1 +Ψ2
m/ZM. From (41), we have

ℜ{ZM}= b+∆Kp
τp

1+(ωτp)
2 , (44)

7
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ℑ{ZM}= Z0 −∆Kp
ωτ 2p

1+(ωτp)
2 . (45)

Let us choose the operating frequency such that

ℑ{ZM}= 0, (46)

the real and imaginary parts of the input impedance become

ℜ{Zin}= R1 +
Ψ2

m

b+∆Kpτp(1+(ωτp)
2)−1 , (47)

ℑ{Zin}= 0. (48)

The conditions for matching to the source impedance are

Rs = ℜ{Zin}, (49)

Xs =−ℑ{Zin}= 0. (50)

Under these circumstances, the input power is equal to the
power available from the source, Pin = Pavs. Therefore, the
two power gains collapse to the same solution, ηt = ηp = η.
In addition, due to (50), the power available from the source
takes the form Pavs = |Vs|2/(8Rs).

The power delivered to the load is given by [23]

P=
1
2
∆Kp

ω2τp
1+(ωτp)2

F2
0

/
{[

Z+∆Kp
(ωτp)

2

1+(ωτp)2

]2
+
[
ωb+∆Kp

ωτp
1+(ωτp)2

]2}
(51)

where Z= jωZ=−ωZ0, and the equivalent force is computed
as

F0 =
Ψm|Vs|√

(Rs +ℜ{Zin})2 +(ℑ{Zin})2
=

Ψm|Vs|
2Rs

. (52)

We can write

Z+∆Kp
(ωτp)

2

1+(ωτp)2
=−ω

[
Z0 −∆Kp

ωτ 2p
1+(ωτp)2

]
=−ωℑ{ZM}= 0,

(53)

due to the equality in (46). From (51), (52), and (53), the power
transfer efficiency reads

η =∆Kp
ω2τp

1+(ωτp)2
Ψ2

m

Rs

[
ωb+∆Kp

ωτp
1+(ωτp)2

]−2

=
∆Kp

ωb

ωτp
1+(ωτp)2

Ψ2
m

bRs

[
1+

∆Kp

ωb

ωτp
1+(ωτp)2

]−2

.

(54)

We now consider a condition to match the output imped-
ance Zout to the load, RL = |Zout|, to further optimize η. From
(43) and (50), it follows that

ZN =
Ψ2

m

R1 +Rs
=∆Kmτm (55)

where we have introduced∆Km =Ψ2
m/L1 and τm = L1/(R1 +

Rs), which are analogous to the definitions of ∆Kp and τp,
respectively. From (40), we have that

|Zout|=
1

ωC0

√
(Z0/b)2 +(1+ZN/b)

2√
(∆Kp/(ωb)−Z0/b)

2
+(1+ZN/b)2

. (56)

Substituting Z0 obtained from equations (45) and (46) into the
fraction Z0/b, we get

Z0
b

=
∆Kp

ωb

(ωτp)
2

1+(ωτp)2
=Mp

X2

1+X2
(57)

whereMp =∆Kp/(ωb) is an electromechanical figure ofmerit
and X= ωτp > 0. In the same manner, we can write ZN/b=
MmQt where Mm =∆Km/(ωb) and Qt = ωτm = ωL1/(R1 +
Rs). The parameter Mm can be considered as an electro-
dynamic figure of merit. Alternative forms of Mp and Mm

expressed in terms of the coupling coefficients and the
mechanical quality factor of the ME transducer, which are
widely utilized in EH and WPT literature, are discussed in
appendix B. Qt is the effective quality factor of the transmitter
coil, which takes both dissipative components Rs and R1 into
account. Setting the right hand side of (56) equal to RL, we
obtain

X=

√(
Mp

X2

1+X2

)2

+(1+MmQt)
2

√(
Mp −Mp

X2

1+X2

)2

+
(
1+MmQt

)2 . (58)

Denoting X2 = Y> 0, equation (58) can be simplified as
follows

(1−Y)
[(
1+MmQt

)2
(1+Y)2 −M2

pY
]
= 0. (59)

One obvious solution from the first factor is Y = 1, in other
words,

ωτp = 1. (60)

In this case, the equation to find ω is

2Z0ω =∆Kp, (61)

following (45) and (46); notice that Z0 is also a function of ω,
Z0 = Z0(ω).

The expression (54) now reduces to

η =
Ψ2

m

bRs

Mp/2
(1+Mp/2)2

= 2
Ψ2

m

bRs

Mp

(Mp + 2)2

= 2MmQs
Mp

(Mp + 2)2

(62)

where we define Qs = ωτs = ωL1/Rs, a non–dimensional
parameter that is analogous to a quality factor. Qs is an inter-
mediate quantity used for further derivations. We note that the

8
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unloaded quality factor of the transmitter coil is characterized
by Q1 = ωτ1 = ωL1/R1. Due to the relations given in (47),
(49) and (60), the ratio between Qs and Q1 can be written as

Qs

Q1
=
R1

Rs
=

Mp + 2
2MmQ1 +Mp + 2

. (63)

From (62) and (63), η can be described in terms of three vari-
ables, the two figures of merit Mm and Mp, and the resonator
unloaded quality factor Q1,

η =
2MmQ1

2MmQ1 +Mp + 2
Mp

Mp + 2
. (64)

We would like to emphasize that {Mm,Mp,Q1} are solely
dependent on the properties of the transmitter and receiver, and
the expression (64) is the maximum power transfer efficiency
with the optimal load that satisfies condition (60).

The other factor in (59) leads to the solution

Y
(1+Y)2

=
(1+MmQt)

2

M2
p

, (65)

or equivalently,

ωτp
1+(ωτp)2

=
1+MmQt

Mp
, (66)

which results in

ωτp =
1±

√
1−

(
2(1+MmQt)/Mp

)2
2(1+MmQt)/Mp

. (67)

This solution is real (and also positive) only if Mp ⩾ 2(1+
MmQt).

From (66) and (54), we get

η =MmQs
1+MmQt

(2+MmQt)
2 . (68)

Substituting (66) into (49) yields

Rs = R1 +
Ψ2

m

b(2+MmQt)
. (69)

The relation between the quality factors Qt and Q1 is

Qt

Q1
=

R1

Rs +R1
=

2+MmQt

4+ 2MmQt +MmQ1
, (70)

which is equivalent to

MmQ
2
t + 2Qt −Q1 = 0. (71)

The positive solution to this quadratic equation is

Qt =

√
MmQ1 + 1− 1

Mm
. (72)

Therefore, MmQt + 1=
√
MmQ1 + 1 and (MmQt + 2)2 =

(
√
MmQ1 + 1+ 1)2. The other is negative and not physical.

Following the same procedure, we find that

Qs =
Q1√

MmQ1 + 1
. (73)

Inserting (66), (67), and (72) back into (45) and (46), the
operating frequency is then determined by the equation

2Z0ω =∆Kp

[
1±

√
1−

(
2(1+MmQt)/Mp

)2 ]
=∆Kp

[
1±

√
1− 4(MmQ1 + 1)/M2

p

]
.

(74)

Finally, we substitute Qt and Qs into (68) and obtain

η =

√
MmQ1 + 1(√

MmQ1 + 1+ 1
)2 MmQ1√

MmQ1 + 1

=
MmQ1(√

MmQ1 + 1+ 1
)2 . (75)

We note that at the critical value when Mp =M∗
p = 2(1+

MmQt), ωτp = 1 (i.e. see (67)), and the two cases collapse to a
single solution. Furthermore, we can write the output imped-
ance in (40) and its imaginary part as

Zout =
1

ωC0

jZ0/b+(ZN/b+ 1)
(Mp −Z0/b)+ j(ZN/b+ 1)

, (76)

ℑ{Zout}=
1

ωC0

(Z0/b)(Mp −Z0/b)− (ZN/b+ 1)2

(Mp −Z0/b)2 +(ZN/b+ 1)2
. (77)

With ωτp = 1, based on (61), Z0/b=Mp/2 and Mp −
Z0/b=Mp/2. In addition, ZN/b=MmQt. As a consequence,
ℑ{Zout}= 0, and the equation RL = |Zout| is equivalent to
RL = ℜ{Zout}. This result shows that at Mp =M∗

p , the bi-
conjugate impedance matching conditions{

Zin = Z∗s ,

Zout = Z∗L
(78)

are satisfied. Therefore, the expression (75) is the maximum
possible efficiency that can be obtained by the ME WPTS
under consideration. More importantly, this global optimum
can also be achieved at any Mp >M∗

p . The previous solution,
i.e. (64), with lower transfer efficiency applies for Mp <M∗

p .
We see that the efficiency in (75) is independent of the elec-

tromechanical figure of merit Mp and is only a function of
the electrodynamic figure of meritMm and the unloaded qual-
ity factor Q1 of the transmitter. Note, that Mm embeds both
the electrodynamic coupling coefficient and the mechanical
quality factor of the ME receiver. The independence of effi-
ciency from Mp reflects the fact that when Mp reaches M∗

p ,
further improvements in the piezoelectric material properties
do not result in more power output. The increased damping
effect from higher electromechanical coupling (i.e. from the
piezoelectric material) would reduce the amount of mechan-
ical power available even though a higher percentage of that

9
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power would be converted to electrical power. Hence, both the
output power and efficiency saturate forMp going beyondM∗

p .
It should be noted that while Ψm,Z,Γp and C0 presen-

ted at the beginning of this section are for a ME WPTS, the
analysis and findings apply to a magneto-mechano-electric
(MME) WPTS. This is true for translational [25, 26] and rota-
tional [27] architectures, with their corresponding parameters.
In many practical scenarios, the internal impedance of a source
Zs = Rs + jXs and the electrical load RL are predetermined. In
order to realize the general maximum power transfer theorem
in [28], two additional networks (e.g. T—or Π–type) can be
used as passive impedance matching circuits at both transmit-
ter and receiver sides. A detailed analysis of the method is out
of the scope of this work, but an example can be found in [29].

When the coupling between the transmitter coil and the
ME receiver is weak, MmQt ≪ 1. Thus, the solution (67) is

approximately ωτp ≈ (Mp ±
√
M2

p − 4)/2 with the condition

Mp ⩾ 2. This alternative expression of (67) along with (60)
form the same complete set of solutions to the power optimiz-
ation problem for a ME WPTS presented in [23], section III.
Therefore, in the weak coupling regime, the efficiency max-
imization can be considered equivalent to optimizing the out-
put power under an applied magnetic field. Moreover, obey-
ing the conditions (43) and (49) (now roughly Rs ≈ R1) yields
the maximum input power and the largest magnetic field that
the transmitter coil can produce (for a given power source).
Since the two problems are unified, we can also infer that the
relationships between the transfer efficiency and frequency
are identical to those of power and frequency obtained from
optimizing the geometry of the ME transducer. For instance,
under the condition of a constant mechanical quality factor, the
efficiency is proportional to the chosen operating frequency,
η ∝ ω. For the circumstances where MmQt ≪ 1, and corres-
pondingly MmQ1 ≪ 1, the optimum transfer efficiency and
output power are

η ≈ 1
4
MmQ1, (79)

P≈ Pavs

4
MmQ1. (80)

Comparing (24) and (75), we see that despite the apparent
differences in the energy conversion mechanisms, the optimal
transfer efficiency of the two topologies, RIC and ME, essen-
tially share the same form η =Θ/(

√
1+Θ+ 1)2. The quant-

ity Θ can be referred to as the figure of merit and receives
different values depending on the WPT structure used. Espe-
cially, for weakly coupled systems, the maximum efficiency
and output power are reduced to the forms η ≈Θ/4 and
P≈ PavsΘ/4.

6. Experimental validations: a case study for a
weakly coupled RIC system

Equations (24–26) are valuable in showing a comprehensive
view of a RIC mechanism. However, they are well–known in

Figure 10. Experimental setup of a weakly–coupled inductive
WPTS.

the literature and therefore are not necessary to be validated
further. Rather than that, we utilize their direct consequences,
expressions (27) and (28), as additional support for our interest
in identifying the dependence of power on frequency.

In this section, a RICWPTS is implemented to experiment-
ally validate a key finding in section 2 that the maximum out-
put power is proportional to the drive frequency squared at
the weak coupling regime. The experimental setup is shown in
figure 10. The receiver coil is a 3 cm diameter 6–turn solenoid
coil composed of 16 AWG (1.291 mm diameter) copper wire.
A resonator is formed at the receiving side by connecting an
external capacitor in parallel with the receiver coil. This con-
figuration eliminates the effects of the parasitic capacitance (of
the receiver), in which the effective capacitance is now a sum-
mation of the added capacitance and that parasitic capacitance.
The frequency range of interest is within (0,250] kHz, which
is also a typical operating frequency range of a ME WPTS.
In this case, the frequency–dependent resistance of the coil
(also known as AC resistance) is negligible. Therefore, the coil
series resistance can be considered constant and only contains
a DC resistance. The transmitter coil is a 15.56 cm diameter
9–turn solenoid coil made of 16 AWG (1.201 mm diameter)
copper wire.

The receiver is placed along the centerline of the transmit-
ter and at a distance of 10 cm. The planes of both coils are in
parallel (i.e. there is no misalignment). The squared coupling
coefficient between the transmitter and receiver of the partic-
ular system under investigation is approximately k2 ≈ 0.01%,
obtained by COMSOL simulation. Since the coupling is weak,
the transmitter coil acts as a pure magnetic field generator. An
E&I 240L class A linear power amplifier was used to supply
the transmitter coil with a high–frequency current. TheB–field
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Figure 11. Maximum transferred power with respect to drive
frequency, normalized by square of magnetic flux density amplitude.

strength produced at the location of the receiver, B0, is meas-
ured by a MC110A magnetic field sensor (manufactured by
Magnetic Sciences Inc.). In order to reduce the complexity of
the experimental process, we choose not to form a resonator
at the transmitting side and normalize the maximum delivered
power with the B–field squared instead. As a consequence of
(11), this approach does not affect the relationship between
output power and frequency, regardless of particular values
of B0. The load resistance is varied to determine its optimal
value and the corresponding maximum power at each drive
frequency.

Figure 11 shows a comparison between the experimental
data and a quadratic approximation of the form y= ax2, where
y is the normalized power P/B2

0 and x is the frequency. We
note that B0 is different at different frequencies in these exper-
iments. The coefficient a= 3.108× 10−3 is determined by
MATLAB Curve Fitting Toolbox. The discrepancy between
the measured and fitted quadratic curve is negligible, showing
a quadratic dependence of the maximum output power on the
drive frequency. This finding is consistent with the theoretical
prediction in (11).

Performing experimental validations for a RIC WPTS is
straightforward by using different external capacitors to adjust
the resonance frequency of a given receiver coil. However,
the validation process becomes more complicated for a ME
WPTS, which requires many ME composites fabricated with
various geometric dimensions to attain different resonance fre-
quencies. Manufacturing multilayer and multi–material ME
transducers at a small scale is challenging. Therefore, the
experimental study on the power–frequency relationship for
ME devices is left open in this work. Since a complete model
taking the dynamics of both the transmitter and receiver has
been thoroughly validated by rigorous experiments [30, 31],
the theoretical analysis in sections 4 and 5 is still an appropri-
ate framework for further investigations of other researchers
in the field of ME WPT.

7. Discussion

The derivations presented in sections 2 and 3 hold independ-
ently of the receiver and harvester structures. However, when
the coil geometry is subject to change, the EMF amplitude V0

and the coil series resistance R become functions of the num-
ber of turnsN, the drive frequencyω, and the geometric dimen-
sions. In the low—and intermediate–frequency ranges (e.g. up
to a few hundreds of kHz), R slightly increases with ω and
is approximately proportional to N [32]. Meanwhile, V0 can
be considered proportional to both N and ω. Therefore, Plim

(and P) almost always increases with N and ω, assuming that
the other parameters such as the magnetic flux density B0 and
the surface area S are kept unchanged. Therefore, increasing
the number of turns and the operating frequency is preferable.
These characteristics are more important in EH systems that
operate at very low frequencies, such as ones that scavenge
magnetic energy from a power line [33].

On the other hand, R increases exponentially with ω in
higher frequency bands (e.g. sub–MHz). A small change of N
may lead to a substantial increase of the overall value of R due
to the eddy current and the proximity effect [34–37]. Thus,
considering the geometry optimization problem is essential
under this scenario, especially when the volume or area is con-
strained. This concern is out of the scope of the paper and is
left open for further study.

The quadratic dependence of the maximum output power
and efficiency on the drive frequency observed in sections 2
and 3 is only valid in a frequency range in which the change
of the coil series resistance with frequency is small. In order
to emphasize this property, without loss of generality, we con-
sider a hypothetical example where two identical spiral coils
form a RIC WPTS. The relevant parameters and equations
for computing the example are detailed in appendix C. η is
obtained using (24) and (27). The variation of inductance with
frequency is negligible and usually ignored, while the series
resistance of the coil is frequency–dependent, R= R(ω). The
results are presented in figure 12, showing the variation of the
coil resistanceR in terms of the operating frequency for a given
coil geometry and the frequency response of the largest pos-
sible transfer efficiency of the considered RIC WPTS. In par-
ticular, for f⩽ 200 kHz, R is nearly constant, and therefore,
both P and η are proportional to ω2. However, in a higher
frequency range, R increases dramatically and causes a sig-
nificant decrease in the Q–factors. As a consequence, P and
η reduce with frequency after reaching their maximum val-
ues at an optimal frequency. For the specific geometry given
in appendix C, the optimal frequency is about 1 MHz. This
general trend applies to any coil, and the optimal frequency
depends on the coil geometry.

The power and efficiency expressions presented in
sections 4 and 5 are valid when the demagnetization effects are
negligible. For magnetostrictive materials with very high per-
meability, Metglas for example, the demagnetizing field could
significantly decrease both the power and efficiency and thus
cannot be ignored [38]. Maximizing transferred power and
efficiency associated with the geometry optimization problem
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Figure 12. An example of the dependence of the coil series
resistance and maximum transfer efficiency on the drive frequency.

becomes much more complicated when taking the demagnet-
ization phenomenon into account. Therefore, using numerical
methods to find optimal solutions is more appropriate than
analytical counterparts. However, it is essential to note that
the presence of the demagnetizing field does not alter the
relationship between power/efficiency and frequency, which
is still linear with the assumption of a constant mechanical
quality factor.

ΛH−I =
dH0

dI
=

1
4π(z2 − z1)(r2 − r1)

×
ˆ r2

r1

ˆ φ2

φ1

ˆ z2

z1

(̃r− rcos φ̃)̃r

(r2 + r̃ 2 − 2r̃rcos φ̃+(z− z̃)2)3/2
d r̃d φ̃d z̃.

(81)

Human safety considerations are essential for WPTS used
to provide power for biomedical implantable devices, regard-
less of their energy conversion mechanisms. The International
Committee on Electromagnetic Safety (ICES, a subsidiary
of IEEE) and ICNIRP have established safety standards for
WPTS, especially for exposure to magnetic and electric fields
[12–14]. In particular, ICES has regulated dosimetric ref-
erence limits (DRLs) for RF shocks (defined in terms of
the electric field) and SARs for thermal heating inside the
human body. For instance, the limits of the SARs are 0.4
and 10 W kg−1 for the whole–body and localized exposures,
respectively. Such restrictions are very challenging to measure
or predict. Thus, exposure reference levels (ERLs) have been
introduced as an alternative. Most of the ERLs are defined as
the maximum allowable magnetic flux density with respect
to the wave frequency, making them much more conveni-
ent to assess. For example, the permissible B–field strength
at 100 kHz is 100 µT while that at 6.78 MHz is 0.29 µT.
Most importantly, the regulations based on ERLs are more
conservative than those relied on SARs. In other words, a
system complying with the ERLs also simultaneously satis-
fies the requirements of DRLs and therefore obeys the safety
standards [39].

Up to this point, the relationship between a chosen oper-
ating frequency and the corresponding ERL, and the rela-
tionship between the output power and an applied magnetic
field, are relatively well–known. Exploring a direct depend-
ence of power on frequency provides the last bridge connect-
ing the triangle of power–frequency–magnetic field strength.
The obtained properties could serve as simple and efficient
tools to estimate, design, and optimize the performance of a
WPTS, especially when subject to safety restrictions.

8. Conclusion

We discussed four scenarios with two central objectives, max-
imum output power, and optimum efficiency, for two WPTSs
based on RIC and ME effects. We unified the power and effi-
ciency maximization problems for each architecture in the
weak coupling regime, in which we found that both schemes
yield the same optimal load and frequency. We also resolved
the differences in the energy conversion of the two mechan-
isms by expressing the power and efficiency in similar general
forms, respectively. We revealed the quadratic dependence of
both quantities (power and efficiency at their maximum) on
drive frequency for a RIC system. In the case of a ME con-
figuration, these relationships become linear under a constant
mechanical quality factor condition. Although the two con-
sidered WPT techniques have been extensively studied in the
literature, the findings presented in this paper could provide a
more insightful understanding of their performance. In addi-
tion, the results can be extended to other relevant systems
that share similar physics, such as inductive EH or MME
(sometimes referred to as electrodynamic) WPT. Therefore,
the angle of view and the approach we chose here could be
beneficial to a wide variety range of fields.

Data availability statement

The data that support the findings of this study are available
upon reasonable request from the authors.

Appendix A. Current and magnetic field
relationship of a thick coil with rectangular cross
section

The geometric dimensions of a thick coil that carries an (effect-
ive) input current of I are shown in figure 13. The nota-
tions are defined as follows. r1 (r2)—the inner (outer) radius.
z1 (z2)—the lower (upper) height. tc—the total thickness of the
coil, usually z1 =−z2 = tc/2. For the sake of simplicity, we
assume that the ME transducer is in parallel with the center-
line of the transmitter coil, hence H0 = Hz(r, z). The para-
meter ΛH−I is then given by equation (81) [40], where r̃, φ̃
and z̃ are the integration variables, φ1 = 0 and φ2 = 2π. This
three-dimensional integral can be numerically computed by
the function [integral3] in MATLAB. An alternative form of
H0 = Hz(x,y,z) expressed in the Cartesian coordinates can be
found in [41].
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Figure 13. Geometry of a thick coil carrying a uniform current
density. Here, I is the effective current flowing in the coil.

Appendix B. Approximations of electromechanical
and electrodynamic figures of merit

We first assume that the mechanical impedance Z in (32) can
be approximated by a mass–spring systems {m,K0}> 0 such
that ωm−K0/ω ≈ Z(ω) for all ω > 0. The electrodynamic
and electromechanical coupling coefficients are defined
by [42, 43]

k2p =
Γ2
p

(∆Kp +K0)C0
=

Γ2
p

Γ2
p +K0C0

, (82)

k2m =
Ψ2

m

(∆Km +K0)L1
=

Ψ2
m

Ψ2
m +K0L1

. (83)

The corresponding expedient coupling coefficients [44] (also
known as generalized coupling coefficients [45]) are given by

k2p,e =
k2p

1− k2p
=

Γ2
p

K0C0
, (84)

k2m,e =
k2m

1− k2m
=

Ψ2
m

K0L1
. (85)

Note that {k2p,e,k2m,e} ∈ [0,1] and {k2p,e,k2m,e} ∈ [0,∞). The
electromechanical and electrodynamic figures of merit can be
written

Mp =
∆Kp

ωb
=

Γ2
p

C0ωb
= k2p,e

mω2
0

ωb
, (86)

Mm =
∆Km

ωb
=

Ψ2
m

L1ωb
= k2m,e

mω2
0

ωb
(87)

where ω0 =
√
K0/m and K0 = mω2

0 . Usually, the operating
frequency of a MEWPTS is close to the resonance frequency,
ω ≈ ω0. Therefore, Mp and Mm are approximately

Mp ≈ k2p,eQ0, (88)

Mm ≈ k2m,eQ0 (89)

where Q0 = ωm/b is the mechanical quality factor of the ME
receiver at its resonance frequency.

Appendix C. Spiral coil modeling

While many different types of coil can be used for a WPTS,
here we chose a spiral coil structure for the purpose of demon-
stration since the mathematical model for estimating its elec-
trical properties, such as inductance and series resistance, is
quite straightforward. Figure 14 shows the geometry of a spiral
coil, in which din and d are the inner and outer diameters. The
copper track thickness, width, and the spacing between two
tracks are denoted as t0, w, and s, respectively.

The equations to compute the coil inductance and total res-
istance are reported in [4] and summarized as follows.

d= 2(din/2+(n− 1)s+ nw),

β = (d− din)/(d+ din),

dL = (d+ din)/2,

L=
µn2dL
2

[
ln

(
2.46
β

)
+ 0.2β2

]
,

davg = d− (w+ s)n/2,

lc = πdavgn,

Ac = wt0,

RDC = ρ
lc
Ac

,

δ =

√
2ρ
ωµ

,

Rskin = RDC
t0

δ
(
1− exp(−t0/δ)

) 1
1+ t0/w

,

Rprox =
RDC

10

(
ω

ωc

)2

,

ωc =
3.1
µ0

(w+ s)ρ
w2t0

,

R= RDC +Rskin +Rprox.

For copper conductors, the permeability is approximately
µ≈ µ0, where µ0 = 4π× 10−7 NA−2 is the permeability of
free space. RDC represents the DC loss of the conductor. Rskin

and Rprox are the frequency–dependent components of the res-
istance due to the skin and proximity effects, respectively.
The summation (Rskin +Rprox) is also known as AC resistance,
instantaneous resistance, or dynamic resistance. β is referred
to as the fill–factor. δ is the skin depth. ρ is the resistivity
of the material, ρ= 1.68× 10−8 Ωm for copper at 20 ◦C.
lc and Ac are the length and the cross–sectional area of the
conductor, respectively. ωc is the critical frequency at which
current crowding begins to occur. A RIC WPTS formed by
two identical coils is considered, henceQ1 = Q2 = ωL/R. The
number of turn of each coil is n= 10. The coupling coefficient
between the transmitter and receiver is arbitrarily chosen as
k2 = 1%. The particular parameter values used are din = 1cm,
w= 3mm, s= 2w (the inductance of a circular spiral coil is
accurately predicted with less than 8% error for s⩽ 3w), and
t0 = 35µm (for standard plated printed circuit board).
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Figure 14. Geometry and parameter definitions of a spiral–shaped
coil.
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