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In this article, we apply dimensional analysis to the optimization of radial magnetic torque couplers. Our goal is to find the design
that maximizes the torque potential in a given package size. We consider two types of torque coupler: the permanent-magnet (a.k.a.
synchronous) torque coupler, in which both the inner and outer rotors contain permanent magnets; and the variable-reluctance
torque coupler, in which the inner rotor contains permanent magnets and the outer rotor contains soft-magnetic teeth. Both types
of torque coupler are defined by the same set of independent geometric and material parameters. First, the Buckingham � theorem
is used to find the minimal set of dimensionless parameters required for design optimization. Then, using a combination of 2-D and
3-D finite-element analysis, we find and characterize the optimal designs. We explicitly consider torque couplers with eight stable
magnetic equilibria (i.e., 45◦ of rotation between stable equilibria), but the methodology can be repeated for other configurations.

Index Terms— Magnetic devices, magnetic torque couplers, rotor, stator.

I. INTRODUCTION

AMAGNETIC torque coupler is designed to transmit
torque between an inner rotor (IR) and an outer

rotor (OR) magnetically, without a mechanical connection,
with the torque being a function of the relative displacement
of the IR and OR. A magnetic torque coupler comprises one
or more stable magnetic equilibria, with a nonlinear magnetic
spring binding the IR and OR at each equilibrium. In a radial
magnetic torque coupler, the magnetic flux between the IR and
OR is largely in the radial direction (i.e., orthogonal to the axis
of rotation). There are two types of radial magnetic torque cou-
plers: the most common type is the permanent-magnet torque
coupler, in which both the IR and OR contain permanent
magnets; and the less-explored type is the variable-reluctance
torque coupler, in which the IR contains permanent magnets
and the OR contains soft-magnetic teeth [1], [2]. Both types of
torque coupler typically include an outer soft-magnetic yoke
in the OR and an inner soft-magnetic core in the IR.

For all of the efforts in the literature dedicated to modeling
and optimizing radial magnetic torque couplers, the commu-
nity has still not arrived at a unique optimal design. This is
largely due to the complexity of the problem, but also due to
varying definitions of optimality. Hornreich and Shtrikman [3]
derived an early model to compute the peak torque transmitted
by radial couplers, and then used the formula to optimize the
design to maximize torque per volume of magnetic material;
however, the model was 2-D and made other simplifying
assumptions such as assuming infinite permeability of the soft-
magnetic yoke. Wu et al. [4] showed that 3-D finite-element
analysis (FEA) was superior at predicting torque in radial
couplers compared to both 2-D FEA and the method of [3]
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(which are reasonably close to each other but both substan-
tially overestimate torque due to unmodeled flux leakage at the
ends of the coupler); they then described how they utilized
the 3-D FEA in the optimization of a specific ten-pole-pair
coupler. Most recently, Choi et al. [5] derived a 3-D model
(again assuming infinite permeability of the soft-magnetic
yoke) that does a good job of predicting torque in radial
couplers (although it still tends to overpredict the torque).

Others have made the assumption of ideal permanent mag-
nets and no other material contributing to the magnetic field
(e.g., the soft-magnetic yoke typically used in couplers),
which enabled additional results. Furlani et al. [6] derived
a 3-D model to compute the torque transmitted by radial
couplers, and then used that model to perform design optimiza-
tion [7]. Charpentier and Lemarquand [8] extended this type of
3-D formula to consider magnets with a more complex polar-
ization patterns (i.e., radial and tangential); a similar result
can be realized using Halbach arrays [9]. Ravaud et al. [10]
improved on this model to more accurately capture the arc
shape of the permanent magnets commonly used in couplers.
Meng et al. [11] then improved on this model by generalizing
to any number of magnetic pole pairs, and found reasonable
agreement with 3-D FEA results (the soft-magnetic yoke was
included in the FEA, although it was not included in the
model).

Many researchers have noted the inefficiency of performing
design optimization using exhaustive FEA simulations, yet
3-D FEA simulations remains the gold standard for design.
To address this issue, Lin et al. [9] proposed using Taguchi-
style design-of-experiments methods to make optimization
more efficient. However, the community continues to perform
optimization on a case-by-case basis, with a large number of
independent design parameters to consider.

Other communities in science and engineering commonly
make use of dimensional analysis to find a valid minimum set
of dimensionless terms that capture the physics of a given
problem, and then conduct simulations and/or experiments
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Fig. 1. Geometric parameters defining the cross section of a
permanent-magnet torque coupler; see Table I for definitions. Red indicates a
permanent magnet magnetized radially outward, and blue indicates magneti-
zation radially inward. For a variable-reluctance torque coupler, the permanent
magnets on the OR are replaced with soft-magnetic teeth, but all geometric
parameters are maintained.

in those dimensionless terms. This technique has not been
utilized in the design of magnetic torque couplers (radial or
otherwise). Further, the use of dimensional analysis could have
similar benefits to those interested in the design of magnetic
gears and other related magnetic devices.

In this article, we apply dimensional analysis to the opti-
mization of radial magnetic torque couplers. Our goal is to
find the design that maximizes the torque potential in a given
package size, and then report the specifications of that opti-
mal design. We consider both the permanent-magnet torque
coupler (Fig. 1) and the variable-reluctance torque coupler.
Ultimately, both types of torque coupler are defined by the
same set of independent geometric and material parameters,
but in the variable-reluctance torque coupler, the OR perma-
nent magnets are replaced with soft-magnetic teeth. Herein,
we explicitly consider torque couplers with 45◦ of rotation
between stable equilibria, but the methodology presented here
can be repeated for any other design configuration.

II. DIMENSIONAL ANALYSIS

Dimensional analysis is a method that relates the governing
parameters of a problem to physical laws. By finding a
functional relationship between these parameters, a complex
problem can often be reduced to a simpler one. Dimensional
analysis helps minimize the total number of experiments
and/or simulations that must be conducted, and it enables the
results obtained to be easily generalized and scaled.

We apply a dimensional-analysis technique known as the
Buckingham � theorem [12]. We begin by enumerating all
independent parameters that have the potential to affect the

TABLE I

TORQUE AND THE 12 INDEPENDENT PARAMETERS THAT AFFECT IT. THE

NONDIMENSIONALIZED TORQUE, �0 , CAN BE EXPRESSED AS A

FUNCTION OF JUST NINE DIMENSIONLESS � GROUPS, �1–�9.

IR INDICATES INNER RADIUS AND OR INDICATES OUTER RADIUS

given dependent parameter of interest (i.e., torque). For our
problem, these include geometric parameters (i.e., lengths and
angles) and material properties defining the permanent-magnet
and soft-magnetic materials (note that the soft-magnetic mate-
rial is sometimes referred to as electrical steel in this context).
A total of six length parameters are used: five that define the
cross section shown in Fig. 1; as well as the length of the
torque coupler, L, normal to the cross section. There are two
angular parameters that define the cross section, which are
represented as nondimensional fractions of an angle: one is
the arc angle of an OR slot divided by the combined arc angle
of an OR magnet (or OR tooth) and OR slot, E = βs/βp; the
other is the arc angle of an IR magnet divided by the combined
arc angle of an IR magnet and an IR slot, F = αm/αp.
A linear model is used to represent the permanent-magnet
material [13], which requires two parameters: the coercivity
Hcm and permeability μm . Finally, the soft-magnetic material
in the yoke and IR core, as well as in the OR teeth in the
case of a variable-reluctance torque coupler, is defined by
two parameters: the permeability μy (up to saturation) and
the saturation flux density By.

With a total of 13 governing parameters (one dependent and
12 independent), and three independent dimensions (m, N, A),
we expect a total of 13 − 3 = 10 dimensionless � groups
(see Table I), to fully capture the physics of the problem
with �0 = f (�1, . . . ,�9). To choose the three linearly
independent parameters representing the three independent
dimensions, we select the outer radius R (which effectively
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represents the dimension m), the permanent-magnet coercivity
Hcm (which effectively represents the dimension A, linearly
independent of R), and the permanent-magnet permeabil-
ity μm (which effectively represents the dimension N, linearly
independent of R and Hcm). We then use R, μm , and Hcm

to nondimensionalize the nine remaining parameters. Note
that E and F are already in a dimensionless form. The �
terms that we created are not unique, but we can verify that
we have selected a valid set using the method described
in Appendix A. Using 3-D FEA (Ansys), we verified our
nondimensionalization by: 1) changing values of μm , Hcm,
and R one a time; 2) changing all other parameters to maintain
constant �1–�9; and 3) verifying that �0 remained constant.

The form of �0 (see Table I) indicates that we should expect
torque T to scale linearly with μm , quadratically with Hcm,
and cubicly with R, provided �1–�9 are held constant. This
was known before any actual simulations were performed, but
we also verified it, as described above. Note that changing
R3 while holding �1 = L/R constant is effectively changing
the volume of the magnetic torque coupler without changing
the aspect ratio. Also, note that μm H 2

cm is referred to as the
energy product of a permanent-magnet material. Thus, the
form of �0, which fell out of the Buckingham � theorem,
is intuitive based on first principles.

III. DESIGNING THE NUMBER OF MAGNETIC EQUILIBRIA

A magnetic torque coupler can be designed with any
positive-integer number Z of stable magnetic equilibria; Z is
also the number of full periods of the torque waveform as the
IR completes one full rotation with respect to the OR. This
choice results in a mechanical angle of

φ = 360◦

Z
= 2π

Z
rad (1)

between stable magnetic equilibria. Here, for a desired Z ,
we review how to choose the number of IR and OR magnets
in the case of permanent-magnet torque couplers, and we
describe a method to choose the number of IR magnets and
OR teeth in the case of variable-reluctance torque couplers.

A. Permanent-Magnet Torque Coupler

It is common practice to design permanent-magnet torque
couplers with the same number of IR and OR magnets [3]–[9],
with alternating magnetic polarity, and this number is always
an even integer described by

NIR = NOR = 2Z . (2)

For Z = 8 (our case study in this article), which has φ =
45◦ between stable equilibria, NIR = NOR = 16.

B. Variable-Reluctance Torque Coupler

Best practice has not yet been established for variable-
reluctance torque couplers. The torque in a variable-reluctance
torque coupler is fundamentally the same as the cogging
torque in a brushless dc motor. Our ultimate goal is to
maximize torque. To this end, we have identified a method
intended to minimize cogging torque in motors [14], and we

repurpose it here to maximize torque in variable-reluctance
torque couplers.

For a variable-reluctance torque coupler with NIR magnets
and NOR teeth, z describes the number of periods of the torque
waveform resulting from the IR being rotated by βp with
respect to the OR (i.e., by one tooth-slot pair, referred to as
the pitch, see Fig. 1)

z = NIR

HCF(NIR, NOR)
(3)

where HCF is the highest-common-factor function. z = 1 is
the lowest period that can be achieved and indicates a design
in which the edges of all magnets interact with the edges of all
teeth simultaneously. A z value greater than one indicates that
the magnet edges interact with the teeth edges asynchronously.
The number of stable magnetic equilibria is

Z = z NOR. (4)

To maximize the peak torque, we should select a design with
the lowest value of z (i.e., z = 1) to maximize torque [14].
This results in a unique choice for selecting the number of OR
teeth

NOR = Z . (5)

However, there may be more than one value of NIR that result
in z = 1. We will show in Section IV that NIR should be
chosen as large as possible.

For Z = 8 (our case study in this article), which has φ =
45◦ between stable equilibria, NOR = 8. Any of NIR = 2,
NIR = 4, or NIR = 8 result in z = 1. We will show that the
largest NIR (i.e., NIR = 8) maximizes the peak torque.

IV. DESIGN OPTIMIZATION USING 2-D FEA

In Section III we identified four designs for optimiza-
tion, all of which provide eight stable magnetic equilib-
ria: one permanent-magnet and three variable-reluctance.
We performed optimization for each of these four designs
in 2-D FEA, using both Finite Element Method Magnetic
(FEMM) [15] and Ansys, which assumes a length L → ∞
and then calculates the torque per unit length. In both FEMM
and Ansys, built-in meshing algorithms were used. Ansys
uses adaptive meshing that includes a convergence criterion;
convergence was typically reached within three iterations. The
meshing used in FEMM is not adaptive. However, we found
that 2-D FEMM simulation results closely matched those
obtained from Ansys, to within a few percent. An example
result of a 2-D FEA performed in Ansys is shown in Fig. 2

For our permanent-magnet material, we used μm = 1.046μ0

(where μ0 = 4π × 10−7 N · A−2 is the permeability of free
space) and Hcm = 1.027×106 A·m−1, which corresponds to a
Grade N45SH NdFeB magnet. For our soft-magnetic material,
we used μy = 1.5×104μ0 and By = 2.35 N·A−1 ·m−1, which
corresponds to a CoFe alloy called VACOFLUX 50. These
result in constant values of �8 = 1.43 × 104 and �9 = 1.74.
The optimization will always try to drive the air gap thickness
dg as small as possible (i.e., to zero), but in practice, there
will need to be some small gap; we simply constrained �3 =
dg/R = 0.01. We will return to these assumptions later.
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Fig. 2. Example of 2-D FEA showing the magnetic flux density with the
rotors shown at (a) zero torque and (b) peak torque. This example depicts
the optimal permanent-magnet torque coupler using VACOFLUX 50 for the
soft-magnetic material. (a) Rotors aligned: zero torque. (b) Rotors offset by
11:25◦: peak torque.

Optimization was performed by searching over the 5-D
parameter space including �2 and �4–�7. We first performed
a coarse search covering the design space, consisting of all
combinations of four levels of each � term, resulting in
1024 unique designs. For each design, we rotated the IR
with respect to the OR in increments of 1◦ and computed
the torque in each configuration, recording the peak torque as
shown in Figs. 2 and 3. We then moved forward using the
design with the largest peak torque, which we used to seed
a constrained optimization function, which we implemented
using MATLAB’s FMINCON. A linear inequality constraint
ensured that the IR fits within the OR

dm ≤ R − dy − ds − dg . (6)

The nondimensional torque waveforms for the four resulting
designs are shown in Fig. 4. We see that each waveform
has a different shape from the others; all have stable and
unstable magnetic equilibria at the same rotation angles, but
they experience peak torque at different rotation angles. We see
that, when it comes to variable-reluctance torque couplers,
we should choose the design with the highest number of IR
magnets (from the viable candidates). However, we also see
that the peak torque from an optimal permanent-magnet torque
coupler is more than twice as large as the peak torque from

Fig. 3. Peak nondimensional torque for each unique design in the parametric
search using VACOFLUX 50 for the soft-magnetic material.

Fig. 4. Nondimensional torque versus relative rotation angle between the IR
and OR, for a permanent-magnet torque coupler and three variable-reluctance
torque couplers, all with 45◦ between stable equilibria and using VACOFLUX
50 for the soft-magnetic material. Results were obtained from 2-D FEA, which
assumes L/R → ∞. IR indicates inner radius and OR indicates outer radius.

an optimal variable-reluctance torque coupler for the same
package size (i.e., the same value of R and L). The geometric
parameters of the optimal designs are provided in Table II and
depicted in Fig. 5.

Next, we repeated our entire design optimization
process, for only the permanent-magnet torque coupler,
using 1010 Steel as the soft-magnetic material, which is
commonly used in magnetic devices such as this. The
results are provided in Table III. As we compare the results
using 1010 Steel to those using VACOFLUX 50, we find that
the optimal designs of the OR are slightly different as we
might expect, yet the optimal designs of the IR are the same.
We also find that VACOFLUX 50 results in a peak torque
that is 3.5% higher than that of 1010 Steel.
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TABLE II

OPTIMAL DESIGN PARAMETERS FOR PERMANENT-MAGNET AND

VARIABLE-RELUCTANCE MAGNETIC TORQUE COUPLERS WITH 45◦

BETWEEN STABLE EQUILIBRIA. RESULTS WERE OBTAINED FROM

2-D FEA (WHICH ASSUMES L/R → ∞) WITH THE FOLLOWING

TERMS HELD CONSTANT: dg/R = 0.01, μm = 1.046μ0 ,

Hcm = 1.027 × 106 A · m−1, AND USING VACOFLUX 50

AS THE SOFT-MAGNETIC MATERIAL (NOMINAL

μy = 1.5 × 104μ0 AND By = 2.35 N · A−1 · m−1)

Fig. 5. Cross section of optimal magnetic torque couplers with 45◦ between
stable equilibria and using VACOFLUX 50 for the soft-magnetic material,
shown at stable equilibria. (a) Optimal permanent-magnet torque coupler.
(b) Optimal variable-reluctance torque coupler.

V. CHARACTERIZING LENGTH EFFECTS USING 3-D FEA

2-D FEA tends to overpredict torque in radial magnetic
torque couplers because the model does not capture flux
leakage at the ends of the device; this effect becomes sig-
nificant for small values of �1 = L/R. In Fig. 6 we
consider the role of �1 on peak torque for each of the four
optimized designs from Section IV that used VACOFLUX 50,

TABLE III

OPTIMAL DESIGN PARAMETERS FOR A PERMANENT-MAGNET MAGNETIC

TORQUE COUPLER WITH 45◦ BETWEEN STABLE EQUILIBRIA. RESULTS

WERE OBTAINED FROM 2-D FEA (WHICH ASSUMES L/R → ∞) WITH

THE FOLLOWING TERMS HELD CONSTANT: dg/R = 0.01, μm = 1.046μ0 ,

Hcm = 1.027 × 106 A · m−1, AND USING 1010 STEEL AS THE

SOFT-MAGNETIC MATERIAL (NOMINAL μy = 2.1 × 103μ0

AND By = 2.19 N · A−1 · m−1)

Fig. 6. Peak nondimensional torque versus nondimensional length for the
permanent-magnet torque coupler and the three variable-reluctance torque
couplers, all with 45◦ between stable equilibria and using VACOFLUX 50 for
the soft-magnetic material. Results were obtained from 3-D FEA. IR indicates
inner radius and OR indicates outer radius.

using 3-D FEA (Ansys). Ansys uses adaptive meshing with
built-in convergence for 3-D simulations; the mesh typically
converged within 12 iterations. We find that for �1 ≥ 4 the
torque is nearly perfectly predicted by the 2-D model, for
4 > �1 > 1 the torque is only slightly less than predicted by
the 2-D model, and for �1 ≤ 1 the torque can be substantially
less than predicted by the 2-D model. For all values of �1,
the values for �0/�1 from Fig. 6 are more accurate than the
value obtained from 2-D FEA.

These results suggest that the “optimal” designs of
Section IV may result in suboptimal performance for very
small values of �1. For pancake-type radial magnetic torque
couplers, it may be beneficial to further optimize for a specific
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value of �1 in 3-D FEA, although it is uncertain if that would
result in any improvement.

VI. SENSITIVITY TO CHANGES IN FIXED PARAMETERS

In each of our design optimizations (i.e., using VACOFLUX
50 or 1010 Steel), we fixed the permanent-magnet material
properties to a specific grade of NdFeB, and we (arbitrarily)
fixed the air gap between the IR and OR to be 1% of the
device’s outer radius. The resulting optimal design was depen-
dent on the resulting fixed �3, �8, and �9 values. We would
like to explore how changing these parameters changes the
optimal design. We performed a sensitivity analysis on these
three � terms, one term at a time, by adjusting the � term
slightly about the nominal value. When changing �8 and
�9 we explicitly held μy and By constant and changed μm

and Hcm. It is important to note that μm appears in both
�8 and �9; changing only �9 is accomplished by changing
Hcm, whereas changing only �8 requires a change in μm

with a corresponding inverse change in Hcm. When changing
�3, we considered changes of ±33% of the nominal value,
to reflect the potentially large change in the gap size. When
changing �8 and �9, we considered changes of ±1% (approx-
imately) of the nominal value, to reflect the relatively small
change in the properties of different grades of permanent-
magnet material. Each new design was optimized using the
same procedure described in Section IV; the complete results
of these optimizations are provided in Appendix B. Using
these values, we used the central-difference method to compute
the sensitivity values (i.e., partial derivatives) provided in
Tables IV and V.

Using the result of the sensitivity analysis, we can explore
how real changes in the fixed values impact the optimal design.
Consider our nominal optimal design with VACOFLUX 50 as
the soft-magnetic material. If we were to increase the gap
size from 1% to 2% of the outer radius (i.e., ��3 =
0.01), we would expect the nondimensional torque per length,
�0/�1, to change from 1.15 to 1.03, which is a 10% reduction
in torque due to this increase in gap size. However, the five
geometric � terms of the optimal design would each change
by less than 2% (i.e., they are insensitive to changes in �3).
If we instead consider a change in the permanent-magnet
material from Grade N45SH NdFeB to Grade N48H—which
has μm = 1.029μ0 and Hcm = 1.075 × 106 A · m−1, leading
to simultaneous changes in �8 and �9—we find that we
would expect a 20% increase in the optimal �6 and a 3%
increase in the optimal �4, with negligible changes to all other
geometric � terms. We also find negligible changes in �0/�1,
but because the permanent-magnet parameters also appear in
the denominator of �0/�1, we conclude that this change in
permanent-magnet material will result in a 7.8% increase in
torque per volume.

We repeated the above two case studies, starting from our
nominal optimal design with 1010 Steel as the soft-magnetic
material. The increase in the gap size led to a 12% reduction
in nondimensional torque, a 28% increase in optimal �6,
a 7.7% decrease in optimal �4, a 2.2% increase in optimal
�5, and negligible changes to the other geometric � terms.

TABLE IV

RESULTS OF SENSITIVITY ANALYSIS OF SMALL VARIATIONS IN �3

(I.E., GAP SIZE) AND �8 AND �9 (I.E., PERMANENT-MAGNET

MATERIAL), USING VACOFLUX 50 FOR THE

SOFT-MAGNETIC MATERIAL

TABLE V

RESULTS OF SENSITIVITY ANALYSIS OF SMALL VARIATIONS IN �3

(I.E., GAP SIZE) AND �8 AND �9 (I.E., PERMANENT-MAGNET

MATERIAL), USING 1010 STEEL FOR THE

SOFT-MAGNETIC MATERIAL

The change in the permanent-magnet material led to a negli-
gible change in �0/�1, which again corresponds to a 7.8%
increase in torque per volume. It led to large changes in
four of the five geometric � terms: a 55% increase in �4,
a 130% increase in �5, a 148% increase in �6, and a 3.1%
increase in �7.

It is important to note that, in the design process of a
new device, one would be well-advised to use an application
of the sensitivity study to initialize a new gradient-based
optimization. Application of the sensitivity study, which is
based on assumptions of linearity, is likely to result in a design
that is close to optimal, but due to nonlinearities, would likely
evolve somewhat from the initialization.

VII. DISCUSSION

For variable-reluctance torque couplers, we found that the
optimal design (of the viable candidates) was the one with the
largest number of IR magnets. As a result, the development
of Section III-B can be subsumed by a simple relationship
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TABLE VI

OPTIMAL DESIGNS FOR SMALL VARIATIONS IN �3 , �8 , AND �9, USING VACOFLUX 50 FOR THE SOFT-MAGNETIC MATERIAL.

NOMINAL VALUES ARE �3 = 0.01, �8 = 14 300, AND �9 = 1.74

TABLE VII

OPTIMAL DESIGNS FOR SMALL VARIATIONS IN �3, �8 , AND �9, USING 1010 STEEL FOR THE SOFT-MAGNETIC MATERIAL.

NOMINAL VALUES ARE �3 = 0.01, �8 = 2025, AND �9 = 1.62

(which has been assumed previously [1], [2])

NIR = NOR = Z . (7)

In the optimal variable-reluctance design [see Fig. 5(b)], the
IR magnets take up most of the IR, with a design that may
be challenging/impractical to fabricate. We explored the effect
of decreasing the thickness of the IR magnets and increasing
the radius of the IR core by an equivalent amount, to make a
design that is easier to fabricate. Although the optimal nondi-
mensional IR magnetic thickness is �2 = 0.787, we found
that it could be reduced to a value of �2 = 0.333 with only
a 1% reduction in torque.

In the optimal permanent-magnet torque coupler we found
that the optimization resulted in a large rotor radius. This
large rotor radius resulted in a thin highly saturated yoke,
specifically between adjacent OR magnets, as shown in Fig. 2.
Additionally, the IR core, which consists of entirely soft
magnetic material is utilized at only a fraction of the entire
IR core’s radial depth. Designers can remove the IR core and
replace it with a nonmagnetic shaft with a nondimensional
radius of up to 0.25, or alternatively the IR core can be
removed to reduce inertia, without reduction in torque.

In prior studies involving optimization of magnetic torque
couplers, it has been typical to consider the volumetric torque
density as the figure of merit, which may take the form
of torque normalized by package-size volume (i.e., π R2 L)

or torque normalized by the volume of the magnetic mate-
rial used. In our formulation using dimensional analysis,
we arrived at a nondimensional output that was normalized
by R2 L, maintaining the intuitive proportionality to volume,
but that also had the advantage of being properly normalized
by the permanent magnet’s material properties.

It is important to note that our analysis only optimizes
within the parameterization defined in Fig. 1. Our optimiza-
tion does not allow for the IR/OR magnets or OR teeth to
fundamentally change shape.

VIII. CONCLUSION

Using the Buckingham � theorem, we found that, although
torque in a radial magnetic torque coupler is a function of
12 independent parameters, a nondimensional torque term
can be expressed as a function of just nine independent
nondimensional terms. Using 2-D FEA, we parameterically
designed the cross-section geometry for a radial magnetic
torque coupler with eight stable magnetic equilibria (i.e., 45◦
of rotation between stable equilibria), but with a methodology
that generalizes to other values, and we found the resulting
peak torque, nondimensionalized by the size of the device and
the energy product of the permanent-magnet material. Finally,
using 3-D FEA, we determined that the results of the 2-D-FEA
optimization are accurate for a torque coupler with an axial
length that is longer than its diameter.
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AT =

m N A
T
L
R

dm

dg

ds

dy

E
F
μy

By

μm

Hcm

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
0 0 0
0 0 0
0 1 −2

−1 1 −1
0 1 −2

−1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
B =

�0 �1 �2 �3 �4 �5 �6 �7 �8 �9

T
L
R

dm

dg

ds

dy

E
F
μy

By

μm

Hcm

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0

−3 −1 −1 −1 −1 −1 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

−1 0 0 0 0 0 0 0 −1 −1
−2 0 0 0 0 0 0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

APPENDIX A
APPLICATION OF BUCKINGHAM � THEOREM

Our choice of dimensionless � groups provided in Table I
is not unique, but we can check that our proposed � groups
are valid by constructing two matrices. The first is a matrix
AT , where each row corresponds to a parameter, each column
corresponds to a dimension, and each element contains the
power of the dimensions in the respective parameters. The
second is a matrix B where the rows again correspond to
the parameters (ordered as in AT ), each column corresponds
to a � group, and each element contains the power of the
parameters in the respective � groups. A valid set of � groups
is one in which B has full column rank and AB is a zero
matrix. It can be shown that the matrices provided in (8),
as shown at the top of the page, which correspond to the
� groups in Table I, meet this requirement, and thus our �
groups are valid.

APPENDIX B
SIMULATION RESULTS USED IN SENSITIVITY ANALYSIS

In Section VI we described a sensitivity analysis around our
two nominal optimal designs. The process involved making
small changes to each of �3, �8, and �9, one at a time,
and then rerunning the design optimization. The results of
this process for VACOFLUX 50 are provided in Table VI,
and the results for 1010 Steel are provided in Table VII.
These values were then used, using the central-difference
method, to compute the partial-derivative values reported in
Tables IV and V, respectively.
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